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1. Introduction

Given an open set 2 in R”, bounded or unbounded, we consider the subspace V of
H'(Q) defined by

(1) V:={ve H(Q): v=0o0nT, in the sense of H'(Q)},
where I', is a closed (eventually empty) subset of 9€2. Given the bilinear form

2) a(u,v) = / [ Z Qjjlty; Vx; + Z(b,-uxiv + diuvy,) + cuv} dx
& i=1

i j=I

+ / guvdo
r

(where I' := 0Q\I',), let u € V be a solution of the equation

3) a(u,v):/ ifov—i-Zf,-vxi}dx—i—/hvd(r Yve V.
Q P r

It is easy to remark that, if all the considered functions are supposed sufficiently
regular (for example belonging to C!(£2)) as well as the boundary of €2 (or at least
its part I'), it is possible to define the operator

4 Lu:=-— Xn: AjjUx,x; + Z [bi —d; — Zn:(aij)x,-]ux,- + [c — Zn:(di)xi]u,
j=1 i=1

n
i j=I i=1
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hence the function u satisfies (3) if and only if it satisfies the following equalities:

Lu=f,=) (fi)y inQ
i=1

3, n n n
<) > ayug N+ diNi+ gu=h+ 3 fiN; onT,
ij=1 i=1 i=1

u=0 onl,,

where N denotes the normal unit vector to I', oriented towards outside €2. The
function u therefore is a solution of a “mixed boundary-value problem” for the
uniformly elliptic operator L. Nevertheless the bilinear form (2) and the equation
(3) make sense even if the coefficients and data of the bilinear form a(., .) are not
regular.

The aim of the present note is to study the minimal hypotheses on the coeffi-
cients and data in order that the bilinear form a(., .) be bounded on V x V even in
the case of unbounded 2. By extending the results of [6] we prove also that, if A is
sufficiently large, the bilinear form a(., .) + A(., D2 is coercive on V x V, so
that for the same values of A the boundary-value problem

a(u,v) + A(u,v);2 :/ WU+ iUy, dx—i—/hvdo Yv eV,
s vw =) {1 ;f ot |

ueV

has one and only one solution, «, for any choice of the functions f; (i =0, 1,...,n)
and A in suitable L?(£2) spaces.
Finally we study the subsolutions of (3): by supposing u € H'(2) such that

n
(6) a(u,v)ff {f0v+2ﬁvxl.}dx+fhvda, YoeV, v>0inQ,
Q ] r

we prove an a priori inequality of the type

esssupu < K, n}axu + K2||u||H|(Q) + K3,
Q 0

where K is a constant depending only on n and K,, K3 also depend on the
coefficients of the bilinear form a(., .), onthe data f; i =0, 1,...,n), h and the
regularity of the part I" of 9€2.

Therefore the present note may be considered as a sequel of [5], where the
set 2 was supposed bounded and the functions g, & defined on I" were zero. In the
particular case I' = #, that is I', = 9€2, again we find the results of [2].
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2. Notations and hypotheses on the coefficients

Let €2 be an open subset of R”; for simplicity we suppose n > 3 (even if, with a few
changes, it would be possible to extend the results to the case n = 2). We refer, for
example, to [4], [6] for the definition of the spaces H'"7(Q);in H'(Q) := H"*(Q)
we put, by definition,

n 1/2
. 2
il 2 = {Z i ||L2(Q)} :
i=1

where we assume as a norm, for instance, the quantity

. 2 2
el = {10120y + Nt}

Definition 1. Let p > 1, § > 0, f € L? (Q); we define

loc

o(f, p,8) :=sup{|| fllLrr) : E measurable, E C 2, meas E < &}

XP(Q):={feL,.(Q): of p.8) < +oo V6> 0}

loc
XP(Q):={f€X’(Q): lim o(f, p,3) =0}.
§—0+

For further properties of these spaces see [2].

Suppose now a;; € L®(Q) (i, j = 1,2,...,n), Y a;t;t; > v|t|* Vi € R" ae.
in 2, with v positive constant. Except for further hypotheses, we suppose at least
bi,di € X"(Q) (i=1,2,...,n), ce X"*(Q), g e X" (I).

Ifu e H'(Q), m € R, Bis aclosed subset of , we say that u < m (u = m)
on B in the sense of H'(Q) if there exists a sequence of real functions u; €
CY(QNH Q) =1,2,...)such thatu; < m (u; = m) in B for any j € N
and lim; |lu — uj|l g1 o) = 0.

3. Hypotheses on the boundary of 2

Let us suppose that there exists an open set €2; D 2 with the following properties.
Let 921 be “locally uniformly Lipschitz” (such a definition will be made precise
later). Furthermore we define

[=@0Q)NOR), T,:=@Q\0%2).

With these choices, if u € H'(Q), u = 0 on T, in the sense of H'(2), and we
prolong u to be zero in ©;\2, it turns out that u € H'()) still (where we have
also denoted by u the prolonged function). Please note that, under our hypotheses,
while T is supposed sufficiently regular, the part I, of the boundary of 2 may be
irregular.

Now we formulate the hypothesis on the regularity of d€2; (and therefore on I').
We suppose that there exist two positive numbers 7, K such that for every point
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X € 02 it is possible to find an n-dimensional cube (with a suitable choice of the
cartesian axes) such as

(7) 0x. 7 :={xeR": x—X| <7, i=12,...,n}

having the following properties. Let us denote by D the (n — 1)-dimensional cube
(8) D:={yeR"": |y—X|<r i=12..,n-1}

and suppose that there exists a function ¢ : D — R such that

(9) (ﬁ(fl,fz,...,fn,l) ZYn’
(10) Ok, 1) Ny

={yeR": Gi.y2 - yu=1) € D, yu < SO, y2. -, Yuo1)}
(1) Ok, r) N,

={yeR": Gi.y2 .- u=1) € D, yu =1, y2. .., Yuo1)}

(12) lp(y) — () < K|y —y'| ¥y, y" € D.
Let us consider now, instead of D, its subset (with0 < § < 1)
(13) Dy:={yeR'": |y—X|<ér,i=12....,n—1}.

From (9), (12), (13) it follows that

(14) oY) —Xa| < K|y = 3| < Kv/n — 167 ¥y € D,

where we have put, for brevity, y := (X1, X2, ..., X,—1) € R*=!. Now let us choose
(15) 8 :=min{1/2, 1/2Kvn— 1)}

so that from (14) it follows that

(16) |¢(Y) —Xu| <7/2 VY € Ds.

From now on, besides the cubes Q(x, 7) defined in (7), we shall also consider the
n-dimensional parallepipeds defined as follows:

a7
Q@ P ={yeR": lyi—X| <oF(i=12,....n=1), |y, —X%u| <7},

where § is always defined by (15). Since we have supposed 0 < § < 1/2, it turns
out that

(18) QOx,dr) C Qs(x,7) C Q(x,7).

Please note that, while the function ¢ may change with the point X € 9€2; and the
cube Q(x,7), the constants 7 and K do not change (by hypothesis).

We can also remark that, if the preceding hypothesis is satisfied for some 7 > 0,
it is also satisfied if we replace 7 by any (positive) smaller number; therefore it is
possible to choose 7 as small as we please (it will be fixed suitably later). Under
these hypotheses, in almost every point of the boundary of €2, there exists the
normal unit vector to 9€2;, which we suppose is oriented towards the exterior
of €. Such a normal unit vector will be denoted by N.
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Lemma 1. For any x € Q there exist two cubes Q(x,r), Q(X,0r) such that
x € Q(x,r) and

lull ;2 oz.nna) = (Ks/Dllull2oxomne) T Ksllullz2omonna):

for any u € V, where Ks and 0 are constants depending only on K and n, not
depending on u noronr, and2* :=2n/(n — 2).

Proof. Let r be a positive number and consider a countable family of cubes

(19)
On=00nr={yeR": xmi—yl<ri=12,....n)} (h=1,2,...)

such that
(20) U o, =R", 0,NQr=0ifh #k (h,k e N).

Furthermore let us suppose that

21 r = 67/(2¢/n) = min {F/(4/n),7/[4K/n(n — D]},

where 7 is the number connected with the regularity of 9€2; (as introduced at the
beginning of this paragraph) and § defined by (15). Let us denote by N; the subset
of N containing the indices k € N such that Q; C €, i.e.

Ny :={keN: Qr C Q},
and, in a similar way, define

Ny:={keN: OrNTl, #0, OrNT = @}
Ni:={keN: QNI #@}.

Since Q = QUIUT, and taking (20) into account, from these definitions it
follows that

(22) Q C (Uken, O1) U (Uken, Q) U (Urens Q).

The cubes Qy (k € N) will be treated in a different way if either k € Ny ork € N,
ork € Nj.

The simplest case occurs when Q; C 2 (case 1); in this case, if u € V, the
restriction of u to Qy clearly belongs to H'(Qy), therefore we can directly apply
Lemma 2 of [3] to such a cube. If x belongs to one of such cubes Qy, the lemma
is proved with K5 = 2G"=9/1=2) g — 1,

Eventhe case 2, in which O, NI" =@, OxNT, # @ israther simple. According
to our hypotheses, if # € V it follows that u = 0 on I', in the sense of Hl(Q), SO
we can prolong the definition of « to all of Oy defining it as equal to zero in O\ 2
(in fact by hypothesis we have (92) N Qr C I',). The function prolonged in this
way, still denoted by u, belongs to H'(Qy) and again we can apply to it Lemma 2
of [3]. So even in this case, if x belongs to the cube Q, the lemma is proved with
the same constants as before.
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Only the case 3 remains, in which Oy N T" # @. Choose a point x; € Oy N I’
and consider the cube Q (X, ) which exists according to the hypotheses on I at
the beginning of paragraph 3. Please note that the cube Q (X, ) may be oriented
differently from the cube Q(x, r), but from (18) and (21) it turns out that Q; C
QO (xy, 6r), whence

(23) Ok C Qs(Xk, 7) C Q(Xk, 7).

Note also that, since X; € Qx, each cube of the family {Q},cn has a non-empty
intersection with at most a finite number of cubes of the family { O (Xx, 7) }xen;, and
conversely each cube of the family {Q(Xk, 7)}ren, has a non-empty intersection
with at most a finite number of cubes of the family { O }ren-

More precisely, according to (21) we deduce what follows. If we fix & € N, it
turns out that

On(xp, 1) N Q(Xk, 7) # 0,

at most for a finite number 7 of indexes k € N3. Such a number 77 does neither
depend on the cube Q; = Qj(xp, r) we started from, nor on r and 7, but only on
the ratio 7/r (which, according to (21), depends only on n and K). It follows that,
given any function f € L;(f2) (where we have defined Qy := Q(Xy, 7)),

24) meékvwx: SY i

keN; keN3 heN Y S2NQkNQ)

N DY IRV = 3 |

heN \kens Y 2N2kNQy heN Y 8N2n

\f dx = ﬁ/g \f1dx.

Therefore, if u € H'(R), we can apply Sobolev inequalities to the function u
and to the sets 2; N Qs(xk, r) instead of | N Ok, by using the hypothesis on I"
described before. Consider, in fact, the following change of variables:

(25) Y,=E+(yl—fl)/8(z=1,2,,n—l)

Yn - xn -7+ 27(yn - xn +7)/[¢(y1» Y2, ynfl) - fn + 7]’
where X, 7, ¢ were defined in paragraph 3 (hypothesis on I'). It is clear that if
Yo =X, —risalso Y, =X, —r, while if y, = ¢(y1, y2, ..., yp—1) it turns out that
Y, =x,+r,andify;—Xx; =£6r(i=1,2,...,n—1)itfollowsthatY;—x; = £7.
We remark also that, by (16), if (y1, y2, ..., yu—1) € Ds the denominator in the
second member of (25) is greater than 7/2. Therefore, recalling (9), (10), (11), the
change of variables (25) transforms the set

Os(x, 1) N
={yeR": (V1.y2 .- Yn1) € Ds, Xy =7 < Yn < @Y1, Y20 -2 Yu1) }

in the following:

OF, 7 :={YeR": |Vi-%| <F (i=1,2,....n)}
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We also note that the change of variables (25) is clearly invertible between these
two sets.

Taking into account the hypothesis on ¢ (Lipschitz continuity) and the change
of variables (25), it is easy to check that for almost all y' € D it turns out that

Y, aY, 0Y;
AVn ay; ay;

where K is the Lipschitz constant of ¢ and § is defined by (15). We can therefore
apply Lemma 2 of [3] to the cube Q := Q(x, r) and obtain

(26) ‘ <4, < 16K, <1/8, (i=1,2....n—1),

27) lull 2+ 5y = (Ka/Dllull2g) + Kalluy ll2(G)

where 2* := 2n/(n — 2), K4 is a constant depending only on n and we have
still denoted by u the function expressed in the new variables (25). By taking into
account the theorem of integration by substitution, Theorem 1.V of [4] and (26),
(27) we get

(28) Nl 2 gy < (Ks/Pllull 2gngy + Kslluxll 2 5nay

in which we have put, for brevity, Q = Qs(x,7) and the constant Ks depends
only on K and n (note that 8, because of (15), depends on the same quantities).
Remembering (18) and (21), if x € Oy, the lemma follows from (28) in this case
also, with 0 = 7/ré = 2./n/$. i

The preceding inequalities lead us to the following proposition, which is well
known (see for example Theorem 5.1 of [4] and the remark in paragraph 7, or [1]
Ch. 5). Nevertheless we think it may be useful to insert it, since with our method
it is possible to evaluate exactly the constants which appear in it.

Proposition. There exists a constant K¢ depending on n, K and on the set ', such
that

(29) lull 2 o) < Ksllull iy Vu €V,
where we have defined 2* :=2n/(n — 2).

Proof. Let w := ullu|} evidently it suffices to prove that

HY(Q)’
(30) ”w”LZ*(Q) =< K.

Let N1, N>, Nj be the subsets of N defined before. We have

(31) f lw|*" dx

_Z/ dx+2/ dx+2/ > dx.

keN; N0y keN, S2NQk keN; 2NQy

If k € N; ork € N, from Lemma 2 of [3] we deduce that

(32) lwll2# @no,y = (Ka/Dllwll2ang,) + Kallwxllz2@ngy)
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if instead k € N3 from (23) and (28) one gets
(33) lwll 2 @noy < Ks/DlIwll2@ng, + Ksllwsll2@ng,)-

where Qk := Q(Xy, 7). Hence, also taking into account (24),

2% 2
Z ||w||L2*(QﬂQk) = Z ||w||L2*(QﬂQk)

keN]UN,UN3 keN]UN,UN3

< 27K [(1/P) 10l 20 + 02y | = 27KE[1+ (1/7)].

From this inequality and (31) we get at once (30), that is the assertion, with
Ko = 2nK2(1 + 1/7)}V/%. O

4. Integral inequalities on I

Since in the bilinear form a(.,.) we now also have an integral on I', we must
get some Sobolev-type inequalities suitable to treat it. It is sufficient to use again
Lemma 5.1T of Gagliardo [4], where we putr = 1, m = n — 1, p = s, with
1 < s < n. As in [3], we directly follow the proof by Gagliardo, replacing 2 with
the cube Q(x,7) and supposing temporarily that u € H'(Q(x,7)). With simple
calculations we get

(n—s)/s(n—1)
(34) {/ |ua "= D/ =) da}
D;

< (K7/P)ullzscozm) + KsllucllLsoxm)
where

K7 =14+ 2(ns72s+n)/(n7s)’
Kg :=5s(n—1)/(n —s)

and D; is any (n — 1)-dimensional face of the cube Q(x, 7). But formula (34) is
not directly useful since we need to calculate the integral not on the face D; of the
cube, but on the “curved” intersection I' N Q (¥, 7). Nevertheless, from the proof of
the lemma of Gagliardo we see that we can rewrite (34) in the more precise form

(35) { / sup |u|"~V/ =9 4o
D,

(n—s)/s(n—1)
i Vi }
< (K7/P)ullrscozm) + KsllucllLsoxm)s

where we have put

sup |u] :=sup{lu(y1, y2, ..., Vi1, &, Vi1 oo Y)| 0 Xi =7 <t <X; + 7).
yi



Mixed problems in unbounded domains 249

By taking into account (35) and the definition of the surface integral, we deduce
that

/ |u|s(n—l)/(n—s) do
ox,nHNr

=/ [T, Y25 - v s Yuets @15 Y2s v vy Ypop) [FO7 D079
D;

n—1
(36) X | 14D (@p/dy)? dyidys ... dya-i

i=1

<JV1I+mn—-DK2 | suplu® D0 4o
D; i
2 = o =1/ (n—s)
<V1+ @ —DK*[(K7/Plullsoerm + KslluxllLsowm | ,

whence the conclusion immediately follows. O

In the same context we can prove:

Lemma2. Let g € X" ('), u,v € HY(Q). Then there exists a constant Ko
depending on only g, n, K, I', such that

(37) | [ suvdo| < Kottt ol
r
Proof. The inequality may be proved by using (36) where we puts = 2. Recallmg

(23) also, we have (where k € N3, Qk = Qs(xy, 1), Qk = Q(xy,r) and 2=
2n —2)/(n - 2)):

/ guvdo
r‘ka

= K10||g||m—1(m§k) [(1/")||’4||L2(§km§z) + ||”x||L2(kaQ)]

(38)

= ”g”L” 1 (l"ﬂQk) ”M ||L2(F0Qk) ”U”L2(erk)

x [(A/D)ll2@n0) + 10l 225,00
< Kijw(g,n — 1,1+ m — DHK22n)"
x | (/D) (13 2,005, + 1003 200n5. ) + ltxlF 20050+ 10xl3 2005
L2(QN0p) L2(QN0) “lLz@nop “rz@nop |°

where K is a constant depending only on n, K7, Kg and therefore finally only
on n and K. Hence, by summing with respect to k£ in N3 and taking into account
(24) we get

<nKjow (g,n— I,vV14+0m— ])KZ(ZF)n_l)

2 2 2 2 2
) [ /) (102 + 10120y ) + a2y + 020y ]

whence the conclusion (37). o

(39) ‘ / guvdo
r
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5. Properties of the bilinear form a(., .)

The a priori inequalities of Sobolev type we have illustrated in the former paragraph
allow us to extend to our situation some properties of the bilinear form a(., .) already
proved by Stampacchia [6] for the Dirichlet problem in an open bounded set.

Theorem 1. Suppose that the hypotheses mentioned above are satisfied. Then the
bilinear form a(.,.) defined by (2) is bounded on V x V, that is there exists
a constant K| depending on the coefficients of a(., .), on n and on T, such that

(40) la(u, v)| = Kullullgrollvllgi @) Yu,veV.

Proof. Tt is sufficient to give suitable upper bounds to the various terms of the
bilinear form a(., .) as defined in (2). We have

(1) \Z/a,,ux ey dx| = Kiolltllgs g 10l 1 g

i,j=1

where K is a constant depending only on n and on max{||a;llLe~) : i, =
1,2,...,n}.

Now let Q(xg, r) be one of the cubes defined in (19), with k € Ny U N,. From
the Schwartz—Holder inequality and Lemma 2 of [3] we have

(42) bitty, v dx

<Y lIbillerine el 12 ne 191 2% (0,0
i=1

0N
n

< Z 151l n coene 12 120 [(Ka/ PVl L2 0pngy + Kallvell2(opne ]
i=1

2 2 2 2 2
= D Ibillenoinm [ 1622 gy + Ke/PP 10125 0y + K3 102220000, |
i=1

n
2 2 2 2 2
= D 0lbrn, @) [l gy + Ke /D210 20,00 + K3 102122 gy |
i=1

where K4 is the constant of Lemma 2 of [3], which depends only on n.

Furthermore let Qs (X, 7) be one of the parallelepipeds introduced by (17). It is
possible to write an inequality similar to (42) by applying (28) instead of Lemma 2
of [3]. So we get (where we put, for brevity, Qk = Qs(xk, 7)):

n

Z/ bjuyvdx| <
— JOne

Z (i1, @P") [103122 gy + Ks/P2 102 5,00 + KEN0I225,00, |

(43)
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From (22), (23), (42), (43) we deduce at once that

(44) ‘Z/ bl-uxl.vdx‘
i=1 V%
< Z ‘/ Zb,-uxivdx‘—i—z ‘/ R Zb,-uxivdx‘
keN3 N0k

keNjUN, SN0k i—y i=1
n
<> w(bi,n, @r)")
i=1

2 2 2 2 2
X Z I:K4||UX||L2(anQ) + (K4/r) ”v”LZ(kaQ) + ||ux||L2(anQ)]
keN1UN>

+ Y w(bin, 20)")
i=1

2 2 =2 2 2
X Z [KS ||UX||L2(§kﬁQ) + (KS/I") ||U||L2(§an) + ”uX ||L2(§kﬁ9)] .
k€N3

From (44) and (24), by recalling also the connection between r and r given by (21),
we easily deduce the following inequality:

(45) ‘lZn;Lbiuxivdx‘

< 7K1z Y olbin, @) [0 g, + g + 104122 g, |

i=1

where K3 is a constant depending only on K4, Ks and therefore only onn and K.
In a similar way (it is sufficient to replace b; by d;) we get

(46) ‘Z/d,-uvxl. dx)
i=1 Y€

< K1 Y i, QP [/ gy + N gy + 1041122 gy |-

i=1

Consider now the term containing the coefficient c. If k € N; U N, we have

@n | [ awds] < lelagngy Il ool @ny
QN0
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(where 2* := 2n/(n — 2)). Taking into account Lemma 2 of [3], we get, from (47),

(48) )/ cuvdx)
QNQOy

< el @non K3 [/l 2@n0, + 1l 2@n0p ]
x [(1/M V] 2@n00) + 1vxll 22000, ]
< KZw(c,n/2, (2F)")

2 2 2 2 2
x [ /1 (14122 gy 101 20000 ) + 15320000+ 2000 |

If, otherwise, k € N3 we have (putting again, for brevity, @k = Qs(Xg,7) and
recalling (23), (28)):

(49) ‘/ cuvdx‘ 5/ |cuv| dx
gl e

< w(c.n/2, @OMK[A/Pull 25,00 + lixll 20,00 ]
< [ /PG + 1022 5y00 |-

From (48), (49), by summing on the index k and proceeding as before (also take
into account (24)) we get the following inequality:

/ cuvdx
Q

< K so(e.n/2, @AM [(1/r) (Il g, + 1012, )

(50)

2 2
a2y + 02220 |

where K4 depends only on n, K4, Ks and therefore only on n and K.
It remains to consider only the last term of the bilinear form a(., .), that is the
integral fr guvdo. To this aim it is sufficient to apply (37), obtaining

(51) ‘/Fguvda‘ =< Kollullgr o llvll a1 (-
From (41), (45), (46), (50), (51) the conclusion follows. O

Let us prove now the following result, analogous to Theorem 3.2 of [6]:

Theorem 2. Besides the hypotheses formulated in paragraph 2, let us suppose
that b;, d; € X"(Q), ¢ € X)X (Q), g € X" () (i = 1,2,...,n). Then there
exists a number X, depending on K and the coefficients of the bilinear form a(., .)
such that for any & > A, the bilinear form

a(., .) + )\.(., ')LZ(Q)
is coercitive on'V x V, i.e. there exists a positive constant K such that

2 N 2
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Proof. We begin from the inequalities (45), (46), (50), (51) of Theorem 1. By
following a remark in paragraph 2, it is not a restriction to suppose that the number
7 (which exists because of the hypothesis on I') is sufficiently small, so that

(52) 2nK 3 Za)(bi, n, (27)") <v/8
i—1
(53) 2nK 3 Za)(di, n, (27)") <v/8
i—1
(54 2nKyw(c,n/2, (20" < v/8
(55) 2K pw(g,n — 1,v/1+ (n — DK227)"") < v/8.

This is possible, since (as we have seen) the constants K9, K3, K4 depend only
on n and the Lipschitz constant K. From the supposed uniform ellipticity we get

(56) Vil gy < Zf agix iy, dx Yu € H'(Q),
i=1 7%

and from (39), (45), (46), (50), (52), (53), (54), (55)

n
(57) / (bi +di)uyu + cu*l dx + f u? do
I Jacs fe

< /Dlluxl7a ) + Gv/8r) ulfs g, Vu € V.

From (56), (57) the conclusion follows with A, = (3v/872) 4+ v/2 and K = v/2.
O

Corollary. Suppose f, € L*"2(Q), fi € L*(Q) (i = 1,2,....n),h €
L>72/"(T"), A = A, (see the preceding theorem). Then the boundary-value problem

n
a(u, v) + A, V) 2,0 = / |f0v +3 fu, } dx + / hvdo Vv eV,
(58) B g ; r
ueV
has one and only one solution.
Proof. Remembering Theorem 3.3 of Stampacchia [6] it is sufficient to prove that

the second member of (58) is an element of the dual of V, i.e. that there exists
a constant K5 such that

n
(59) ‘/ [f0v+2ﬁvxl.}dx+/hvda‘ < Kislvlyg YveV.
Q P r
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First of all, from the Holder inequality follows

(60) | / Sovdx| < 1foll o V] 22
Q

n n
(61) [ 3 f ] = 2 1t s
Q=i i=1

We can apply the proposition of paragraph 3, obtaining the existence of a constant
K¢ such that

(62) vl L2n/w-2 (@) < Kellvllgiq) YveV.

Now consider the term fr hvdo; we have

(63) ‘ f hvda‘ < 1l 220y 10l 22y Y € V.
I

Therefore the assertion will be proved as soon as we show that there exists a constant
K16 such that

(64) ||'U||L(2n72)/(n72)(r) 5 K16||v||HI(Q) V'U S V,
or, more generally,
(65) V]l Lso-vs@-s ) < Kisllvllgisy Vv eV, conl <s <n.

This assertion is well known since it can be deduced, for example, from [1, Theo-
rem 5.22], or again from Theorem 5.1 of Gagliardo [4] and the final remark (at
the end of [4]), which extends the results to unbounded domains. All the same we
report the proof for convenience of the reader and in order to explicitly calculate
the constants which appear.

If we put w := v||v|| (65) is equivalent to

—1
H3(Q)’
(66) ”w”LS(n—l)/(n—S)(r) <Kis-

First of all it turns out that

(67) /|w|s(n71)/(nfs) do < Z/ |w|s(n71)/(n7s) do
r rnoy

keN3

< Z/ |w|s(n71)/(n7s) do
keN3 rmék

where Qk := Q(xy, r) is one of the cubes introduced in paragraph 3. From (36) it
follows that

(63) ||w||Ls(n—l)/(n—S>(erk) = K7 [(1/7)||w||u(§zm§k) + ||wx||LS(Qka)] )
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where K7 depends only on K and on the constants K3 and K4, therefore again on
K and n. Recalling that [|w|| 1.5(q) = 1 and that s < s(n — 1)/(n —s) (since | <5
by hypothesis), from (68) we get

s(n—=1)/(n—s) s
(69) ”w“Ls(n—l)/(nfs)(rmék) S ”w||LS(”71)/(”7S)(Fﬁ§k)

< 27 KL+ /M) il g,

From (69), by summing with respect to k and remembering (24), we get

(70) /|w|s(n—l)/(n—s) do < Z/ |w|s(n—l)/(n_5) do
r rno;

keN3
< 27K A+1/P) Y Iwllyigng, <27 7K+ /M)l
keN3
= 21K, (1 + 1/7),

so that (66) is proved, with K| = {2“’%[({7(1 + 1/75)) =9 /sti=1) O

6. A priori inequalities for subsolutions

The following result extends the theorem of [2]:

Theorem 3. Besides the hypotheses mentioned before, suppose that: p > n, p =
p(n — 1)/n, c € X"P/P(Q), by € XM(Q), di € XP(Q), fi € XP(Q) (i =
1,2,...,n), f, € X"P/0+P(Q), g € X (), h € XP(I). Letu € H' () such that

(71) a(u, v) ff{fov—i—Zfivxi}dx—i—/hvda,
Q o1 r

foranyv € V, v > 0in Q for which all the integrals in (71) make sense. Further-
more let us suppose that there exists a number m > 0 such that max(u — m, 0)
eV.

Then there exist constants Kig, K9, Ky such that

(72) esssupu < Kygm + Kol max(u —m, Ol g1y + Koo,
Q

where the constant K13 depends only on n and p, while K19, K>y depend also on
the coefficients of the bilinear form a(., .), on the data f; i =0, 1,...,n), h and
on the regularity of the part I of the boundary of Q2.

Proof. Lett > m and consider the function u, := max(u — ¢, 0). First of all, from
our hypotheses it turns out that clearly u, € V andu, > 0in 2. We want to insert i,
as v in (71) and to this aim we need to verify that, with this choice, all the integrals
that appear there make sense.

Define Q; :={x € Q: u(x) >t}, I' :={x € ': u(x) > t}; we have

73) (1 — )3, (Q) < / 2 dx = sy,
Q
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where #¢, denotes the ordinary Lebesgue measure in R". Immediately we can
verify thatif f > m ort > m > 0, , has finite n-dimensional measure. Similarly
from (64) it follows that

(74) (0= mP 3t 1) = [ 1 dx = Kl By gy
r

where #¢,_; denotes Hausdorff (n — 1)-dimensional measure. From (74) it clearly
follows that if # > m or t > m > 0 the set I'; has finite (n — 1)-dimensional
measure.

From all these remarks and from the hypotheses on the functions f; (i =
0,1, ..., n)and h we get the reality of the integrals [, fou,dx, [ > iy fi(ur)y, dx
and fr hu,do,assoonast > mort > m with m > 0. Furthermore it turns out that

(75) u(x) =u;(x) +1t Vx € Q;,  uy = (uy)y a.e.in Q;,
whence

(76)  a(u, uy)

Q

+/ g(u, + t)do = a(u;, u;)+t H/ |:Z di(u,)xi+cu,] dx-l—/ gu,da] .
Iy Q Iy

i=1

= / [ D7 @i, Qs + Y UbiCur)gts + dius + 1)+ s + | dx
i=1 i=1

All the integrals in (76) make sense for the following reasons. The expression
a(u,, u;) makes sense since u, € V and because of Theorem 1. If r = 0 there is
nothing else to prove, while if # > 0, as we have seen, €2; and I', have, respectively,
n-dimensional and (n — 1)-dimensional finite measure, so that all the integrals
in the last part of (76) exist. Therefore from (71), (76), taking into account the
uniform ellipticity of the operator, Holder inequality and (29), (65) we get (where,
for brevity, we define a(f) := #,($2,), y(t) := H,—1([})):

2 2
T vl gy < Koll foll prorine g el g1y [0 /717

n
+ Y W fillr@n el o [P+ Kaglll oy el g1 gy Lo 0127177

i=1

n
2
+ Ko ) [Ibilleney + lldillo@n] G g
i=1
2 2 1/n—1
+ Kglle — V||L"p/(n+p)(9,)||Mt||H1(Q)[05(t)] /n=1/p

2 2 - -1
+ Kigllgl o sl g lae@)] @ =/P0 =D

n
+1 [Z i1l rcy) + Ksllc = vl paprop o,y + Kmngnm,)}

i=1

X el g1 g [ee®] /2177,
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whence, always in a similar way to [2],
(78)

n
{v — K Z [”bi”L"(Qr) + ||di||L"(Q,)] - Ké”c — ]}||an/(n+p)(Qt)[a(t)]l/l’l—l/p

i=1
2 — —1
— Kislgll e, [y @ /P )}nufnmr)
n
1/2—1
< {K6||f0||w/<n+mr> + Y lfillran + Kmuhnu—,(r,)} [ae()] /217

i=1

n
+1 [Z Idillzr@y) + Kolle = vll sy + Kmuguw,)] (]2 117,

i=1

Note that if + > m we have

(79) (u—m)>dx > (u—m)?dx > (t — m)*a(t),
Qm Q;

so that it turns out

2
”Mm ||L2(Qm)

(80) «) = — =5

vVt > m.

Analogously, always if t > m,

w—mido> | (u—m?do >t —m)y@.

T Iy
whence
et 1%
(81) wt) < LTy s,
(t —m)?
Still following [2], now we put
(82) 8 :=min{l, ¢(b;, n, v/(10Ks)), ¢(d;, p, v/(10K5)),

¢(c—v,np/(n+ p),v/(10K7)) (i = 1,2,...,n)}

(where ¢ is defined as in [2], formula (7), in which, as usual, we assume by
definition inf J := +00)

(83) 81 == ¢(g. . v/(10K))
871/5

—1/2
(84) to 1= -+ max { it 20,085 Nt 3,8 7
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From (80), (81), (84) we get

(85) 1 < Menlizay
Hlo) = (to_m)z -
it |25
86 1) < — L)
(86) i) < <

Taking into account also (82), (83), and Remark 2 of [2], if > ¢, it follows that

Z Ibill @) < v/(10Ks)

i=1

87) > lldillr@y < v/(10Ke)

i=1

gl rr,) < v/(10K7).
so that, if t > t,, from (78), (87) we have

(88) G/ Nuill e,

(le = V||an/(n+p)(Q,) = V/(IOKé)

n
= {K6||fo||mp/(n+ﬁ)(9,) + Z I fill Ly + Kisll2ll L5,

i=1

n
+ l[ Z dillLr@) + Kelle = Vil pnp/otn g,

i=1

+ K16||g||LTr(r,)i| } [a(n)]/2 1P,

Inequality (88) is formally equal to (23) of [2], therefore we can, from now on,
proceed in the same manner, obtaining the conclusion in the form

_ —-1/2
(89) esssupu < Kigm + K19[50 Y2 luml 120y + 8 / ot | 1 ()
Q

+ 0founp/ 1+ p).80) + Y @i p.80) + 0k, B 81

i=1

where K g is a constant depending only on n, p, while K9 depends also on K¢
and K. Note that if g = 0 it follows that §; = +o00 so that in this case the term
et || 11 () dOes not appear in the second member (as already happened in [2]). O
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