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An a priori inequality concerning elliptic
second order partial differential

k|

equations of variational type

Maurizio CHiogo (¥) (**)

SUMMARY. — I give an explicit evaluation of the constant appearing in an «a priorin
inequality for the solutions of linear second order elliptic partial diferential
equations in divergence form. An applivation iz also considerad,

1. Indtroduction.

About the theory of linear second order elliptic partial diffe-
rential equations in divergence form with discontinuous coefficients,
studied by G. Stampacchia in [3], the following maximum principle
is known (see [1], [3]}:

Suppose we H!(Q),

{4, j=1 =1

" #
a (u, v) = f! 2 5 U Va 4+ 2 (bitug, v 4 diu Vg,) + euv { do < 0
P

for any v€H, (@), v=0 in Q. Under suitable hypotheses on the
coefficients ay, by, di, ¢ (i, =1,2,..,n) it follows

e88 sup ¥ << max (0, max u).
Q ae

(*) Entrato in Redazione il 6-11-1871.
(*) Lavoro eseguito nell’ambito del « Centro di Matemsatica = Figica Teorica »
del C.T. R, presso I'Universita di Genova,
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Given any f,, Sy, s Ju € Ly (£2), this result implies uniqueness and
existence of the solution w of the Dirichlet problem

s, 0)= 3 [fivade N veH! (D),
J
(1) @

From the cloged graph theorem it follows also the existence of n
constant K such that the solution w of (1) satisfies the inequality

9
| o ||zyey << K -21 I i ||z -
1=

Nevertheless, as far as I know, the problem of finding the depen-
dence of this constant K on the wrfﬁﬂei tes is open (emenu the
trivial case when the bilinear form a (-,-) is eoercive on H; (Q),
i.e. a(z,2)=F]| 2 ey N 2 € Hy (), Wuh k positive constant).

The aim of the present work is to give an upper bound of K
through the ellipticity constant », the norms in L, (2) of the func-
tions b; — d; (i=1,2,..,n) and the number of dimensions n. Al-
though the value I find for K is not the best possible, the result
is sufficient for some applications.

2. Notations and hypotheses.

Let Q be an open bounded met of RB*; we suppose for simpli-
city n = 3.
Let us demote by H*(Q) the space obtained by completing

01 () according to the norm

"
(2) | % ey = || o llzaey + 2 || ||z -

=

Let H, (£2) be the following subspace of H'(Q):

H,y (82) = closure of Oq (£) in b (£).

In H(,I(Q) we can assume as a norm the expression

12
7}4 Qi L

—
=
—_

(
|| %2 || zy0) = % | tha
1

i v

i=1

oo

WS y—
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In this space the norms (2) and (3) ave equivalent, as the following
lemma elaims,

LEMMA 1. For any u€ H, (Q) it results

% [l Zpmnsy@ << 8 || 22 |24ty

N = __9 _(_’-'gi %i T (i)g!m.

n(n—?)l’fn V2

where

Proo¥r: see e. g. [2] page 488. We observe that the constant
& depends only ou » and is the best possible,
Then we suppose

”
a4 € L (£2), 2 agliti=w | { [2 a. e, in Q
S

i, =

H

v i8 a positive constant,

b, i €L, (9Q), (i,j=1,2,.. n),

€ Ly (), e— = (d)e; = 0 in the sense of distributions,

i=1

n ﬂ
a (u, v) :f; 2 oy Uy Vg -|— 2 {!) Uy, ¥ + diUVy) - cuv) da.

\, =1

3. Main result.

TunorEM 1. We suppose thai the hypotheses described above are
satigfied, and moreover: fi€ L,(9Q) (i=1,2,..,n), weE H, (4,

(4) a (w, v) [fl vy de  for any v€H ().
Then

_ o iy 2

(5) [| s || zy0) < —— ;2 ”.ﬁ'[fm{o)%
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where p 18 the smallesi inieger greater than

"

28 »
— Z || b — ||, 07 -
Y g1

Proor. The result ig trivial if

¥

#
5%71 “ by — ds ||Ln[9} = 9

(=2}

(where & is the constant defined in lemma I).
In fact let us proceed as in |3]: putting v =w in (4) Wwe get

(6) Jf‘wm, dz = a (w, w) =

i=1

"
Uij Wey Wa + Z (b - di) wwg, + G'tt-‘gl dy =
i=1

§; j=1

—[} E aij W, fwi,:-r- X (b — d;) w wy, 4 [e— 5 (di)e, wglri’

i, =1 =1 i=]1

Now remembering lemma 1, the hypotheses listed above and HOI-
der’s inequality we get from (6):

|2 (@) || 02 ||2em <

r o n
M 5 110l < 7 [ 05 [ — 8 2 | e —

1
= 2 | fiwg dz
i=1 _
2
whence at once
1j2

1
0 ey < 215 | 2 |15
i=]

Le($3)

#
Now let us suppose 3 || b;— d;||z, > »/26. Set
§=1

w, = max (w —k, , 0) 4+ min (w4 %, 0)

( s 8?0
Q ={x: wel, 2| (o
1=1 a‘TL i

v/
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where &, is any positive number. Since this function w, belongs
to Hy (£) we can put v=w, in (4) and we get

23 "
(8) a(w,w,) :f’% }Z=1 i Wary (W) + 2 (by — i) wa, w1

i=

-}—[c == .2 (d‘,w]w W, da.

We observe now that ww, =0 in &, and in the set where w, 0
it is
Wy, == (W )y, (i=1,2,..,n).

So from (8) it follows

"
(9) @ (w, w,) = ﬂ Z m).. (204 ), (20 \j -+ __”] (bs — @) (w,)s, w0y dee.
From (4), (9) we have
9 . B ; 9
10) || () [[maey < & 2 || b: — di ||z, 00 [| (@1 [[Zaan +

1/2
”f"||1-'s 91]* || 1)u‘3||Ls{91)‘

Now it is easy to see that the measure of £, is a continuous fun-

ction of %,, so that X ||,

di ||z, (o) also is a continuous function
i=1

of &k, . Furthermore it is

(11) lim meas £, =0,

Iy — 4 oo

From all these facts it follows that %, can be fixed in suech a way
that

a2 v || b — d; ||z, = ¥/2.

=1

From (10), (12) we geb

'_/T

(13) || ?rim HL,; o —-h.__2/1' 'Ql

\

12
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Now suppose 0 =<k, <k, and consider the function

wy = min [k; — &y , max (w — k,, 0)] 4 max [k, — &k, , min (w 4 &, , 0)]

and
"o gw
Qy=iw.0€Q, X qz(:v) >0{-
i=1 | 0%

Since w, also belongs lo H[,l[Q}, putting » == 1w, in (4) we get

" " i

(14) 2 | fi(wy)y, dz = [ % Z g wy, (wz)xj -+ '.2:‘ (b — ds) Wy, 1w, -
=1 . fj \i, j=1 =1

—= [c — 2 (A da.

i=1

w

i
Observe that ww, = 0 in Q, w,, w, = (w0, + Wy, w, in £,

Wy, = (Wy)e, ID £, (i=1,2,..,n)
Therefore from (14) it follows

r; . : -

J 2ty (W, (""2‘)55_?- 3 ifl (b — i) (205)s; 20,

i, j=1
g

" #
+ | 2 (i— d) (W), wo dee << = ff"- (Wo)s, d
i=1 i=1

& 2y
whence, from Hdélder’s inequality and lemma 1:

12

|| (0)e ||zt +

(15) [ @0 oy < 2 11l

2
Lyl 2g) +

+ 5 2 |5 el gk |

|z @0 ] (221)s | macan || (02)e

n
-+ 8 '21 ” b; — d; Ly ) «

The measure of £, is a continuous fanction of %, , and it is
eagy to mee that lim meas £,= 0. Therefore it is possible to
kg~
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choose &, so that

"
(I 6} &8 = ” i’?‘: — 5?" HLR(Q!) = ?/2
i=1
or k, = 0 if, with this value, it results
"
8 = || by — d; ||Lﬂ:_gg\. = »/2.
i=1

From (12), (15), (16) it follows

Y1/2
12 '-
'm{rza}é + || (2,)e

-

J':

]

La(82y) -

(17) || (09)e || Logn << 2/ g :

i=1

Continuing the same procedure, let us consider in general some
numbers

_ 0 =1ty <lpmy < oo Ty < logoq < oo < kg .
We define

Wy =min [k, ; —k,, max (w— kg, 0)] + max [k, — k,—1 , min (10-4-Fg, O)

| Sam
Q=le: 20 > |Z@m|> e} :

{ =1 &y

aud fix every number k, such that

k)
(18) 5 b ]
=1

e L,
Ly = »/28

91
(19) x “ ba’ M dg !LH{Q;\J} == 'B'J.’IZS
i=1
The integer p is therefore determined as the first index for which
(19) is valid with &k, = 0.
Substituting v = w, in (4), with easy computations we find

[1,2 o5 0n oy + 2 0s— a0, o +

i, j=1

i=] ) =1

2
-+ /.g 2?: (bs — d) (wy + wy + .. - Wyy)e, wgl dop < 2 [_}‘} (Wq)e; A
2
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¥rom Schwartz-Holder’s inequality and lemma 1 it follows

4. Hxample of applicaitions. i

i » 12 . ‘:‘ 2
!: ! 7 || (wq)e |.Lsiﬂg; = S{z)_‘.l | b — d: L) || (200)e ||L,,-;gq1 e
! | Let us use the preceding result to prove the existence of the
| g ] solution of a Dirichlet problem in an unbounded domain. Consider -
* 1-‘2 [ fillzag { Il (0o llzya,y + g i D |
=1 o an open unbounded set D in R, with E* — D= (7 ; let V denote |
‘ P | the space obtained by ecomplefing (554 (D) according to the norm
; ] b e P
, 48 £ 15— @ llz@p - || @0 llratay -] (04)e ||zatay . i ‘
I ol = | 2 [ ] |
li=1 /

!

and from (18), (19) finally j
3 i

V is an Hilbert space with the secalar product '

, " \HE g—1 |
(20) ” (wq)x [=|L’fgq] = 2‘/? _‘2 ||fv'- .l'ZLs'IQq‘: “I‘ 2 |,| {wj)x ”L,rg-) 5t |
= j=1 e (4, v)y = = fw.m_: Uy, At
i=1

(¢=1,2..,p)
| From lemma 1 wo get V & Lyym—g (D), Whence V < I (D).

ﬂ | This inequality permits to prove what we want. 7 I
In fact it is easy to deduce from (20) that Then we suppose a4€ Le(D), 2 agiity=»|t[?, » positive |
i, j=1 ,
constant, f; € L, (D), bi, di € Ly (D) (i =1, 2, ... , ), €€ Ly (D), . 'I
J! 1 g ) 9 P . i 12 " 2 H ) | .|'
i | g=1 1 (22, anggq] e » -5:1 Lilfthlls(ﬂq}‘ ¢ — 2 (di)s; =0 in the sense of distributions,
= i=1
|| whence ob 2 that {1 - " |
| y OLServing vhat w, = 2 (0 ), ¢ a(u,v) = g 2 iU Vg 2 (Dith ¥ - i) + cuvy du, I
| = o lo= =1 l
'I1
i ig },-"'_})_ 7 12 . ; A . : I|
(21) || 05 || zaey == =—= g x [|f£'|9},2(9}" The result proven in theorem 1 yields the following |
| _ a(0) = — ). |z :
| \i=1 |
: COROLLARY 1. Suppose that the hypotheses mentioned above are I}
| With (21) the result is proven if we evaluate . satisfied. Then there ewisis a solution w €V of the Divichlet problem I
." From the hypotheses and easy inequalities we get ) l
" |
I » i ga. (w,0) = 3 / fivg,dw N vEV, .
—1 = Al | - s i = =y ?
‘ (» ) 28 qfl €i1 [| s — ||ng(9q] =(p— 1y~ iiffl || o: — a; .||L,,(.Q) (22) i-|
f u€V, |
| whence at once
i . " . PRroOF. Let 8,, be the ball (
‘ 1 28
‘l ' Pt & 19— @i ]|z, 0 - [
‘ ' & Sp=1w: 2B |&| < m i
i ! ) .
fl (it
| (I
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and u,, the solution of the Dirichlet problem

ga (U, ) = 3 / fivg, dx M veH (DN S,)
. =]
(23) DA S,

Y
)
\ %, € Hﬂl (Dn 8,,) (m=1,2..

From the hypoteses and theorem 1 we get

L(Dns,,) Mm=1,2..)

?}‘?}

(24) | ) ||za s,y << KB = || 1]
f=1

n

where the constant K depends only on m, », 3 || b;i— @i ||z, 0y and
£ 1 :
=1
Il 1
not on m. Since H; (DN 8,,)< V for any m € N, from (24) it follows
2r 1
(25) |t [y < K 2 || fi || 2oy (m=1,2,..)
=] '

From (25) there exists a subsequence, extracted from }u,, A
weakly convergent in V to a funetion u which is a solution of
problem (22), as it can easily be verified through (23)
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Alecuni teoremi Smli’imerpeiazione lacunare
mediante funzioni polinomiaii a trathi

F. FONTANELLA (*) (**)

SUMMARY, — In this paper we consider a solution of the Turan (0,2) interpolation
problem given by piecewise polynomial functions.

Introduzione.

J. Suranyi e P. Turan hanno studiato, in nn lore ben noto
articolo [1], il problema dell’esistenza e delPunieitd di un polinomio
interpolante, di grado non superiore a (2n — 1), che, in = punti
assegnati, assume valori assegnati. Negli gtessi punti sono dati
anche i valori della derivata seconda del polinomio. Per una esau-
riente bibliografia su tale argomento di interpolazione, detta inter-
polazione lacunare di tipe (0,2), si veda, ad esempio, [2].

Nella presente nota viene studiato il problema dell’interpola-
zione (0, 2) mediante funzioni polinomiali & tratti.

1. Assegnato, nellintervallo chiugo I = [a,b], il sistema di
punti
(1.1) o=, < <. <y  <&y=D, N >3,
che da Tuogo agli intervalli Ip = [#;, @xa], di ampiezza
(12} }?-N,kEh-;c=$;¢+1—$k5 k:ﬁ,l,...,N——l,

(*) Entrato in Redazione il 6-11-1971.

(**y T1 lavoro, portato a termine durante un soggiorno dell’A. presso 1la
Universith di Alberta, Edmenton (Alberta), & stato presentato al IX congresso
dellUnione Matematica Italians, tenmtosi a Bari dal 27-IX al 8-X 197L




