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1 Abstract. Let S = {si}ie;nw € IN be a numerical semigroup. For s; € S, let v(s;) denote the number
of pairs (s; —s;,s;) € S?. When S is the Weierstrass semigroup of a family {C;};ew of one-point algebraic-
geometric codes, a good bound for the minimum distance of the code C; is the Feng and Rao order bound
dorp(C5). Tt is well-known that there exists an integer m such that dorp(Cs) = v(si+1) for each i > m. By
way of some suitable parameters related to the semigroup S, we find upper bounds for m and we evaluate
m exactly in many cases. Further we conjecture a lower bound for m and we prove it in several classes of
semigroups.

Index Therms. Numerical semigroup, Weierstrass semigroup, AG code, order bound on the minimum
distance, Cohen-Macaulay type.

1 Introduction.

Let S = {s;}ie;w € IN be a numerical semigroup and let e, ¢, ¢/, d, d’ denote respectively the multi-
plicity, the conductor, the subconductor, the dominant of the semigroup and the greatest element in .S
preceding ¢’ (if e > 1), as in Setting 2.1. Further let ¢ be the number of gaps of S between d and ¢, and
let s:=max{s € S such that s<d and s—{¢S}.
When S is the Weierstrass semigroup of a family {C;};ew of one-point AG codes (see [3],[2]), a good
bound for the minimum distance of C; is the Feng and Rao order bound
dorp(C;) :=min{v(s;) : j>i+1}
where, for s; € S, v(s;) denotes the number of pairs (s; —sg, sg) € S?. It is well-known that there
exists an integer m such that sequence {v(s;)};en is non-decreasing for ¢ > m + 1 (see[7]) and so
dorp(C;) = v(sit1) for i > m.

For this reason it is important to find the element s,, of S. In our papers [5] and [6], we proved that
Sm =5+d if §>d', and we evaluated s, in cases £ < 2, or e <6, or Cohen-Macaulay type < 3.

In this paper, by a more detailed study of the semigroup we find interesting relations among the
integers defined above; further by using these relations we deduce the Feng and Rao order bound in
several new situations. Moreover in every considered case we show that s,, > c+d —e.

In Section 2, we establish various formulas and inequalities among the integers e, ¢, d’, ¢/, d, c
and t:=d—3, seein particular (2.5) and (2.6).

In Section 3, by using the results of Section 2 and some result from [6], we improve the known
facts on s,, recalled above; further we state for each semigroup and we prove in many cases the

conjecture: Sm > c+d—e.

In Section 4 we treat some particular cases: for each of them we also prove that the conjecture
holds.
In conclusion we see that the value of the order bound s,, depends essentially on the position of the
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integer s in the semigroup. We summarize below the main results for the convenience of the reader.

If s>d+cd—d then s,,=s5+d
if §=2d —d then s,,=35+d=2d
if s<d+cd—-d-1 then s, <maz{s+d,2d'} (3.4).

When 5<d +c¢ —d—1, we prove the following partial answers.

;o S+d —tl+1<s,<2d if 2d —-d<s<d+d—-d
I [d"—£dnINCS then |:5m§+d otherwise. (3.11)
s<d -2 ~ -
If [5+2,d ]nNCS then {Sm:ﬁd = S+1¢(Sa1)ﬂd6’=d
T = <s+d—1 otherwise. 3.8
2d' —d<3<d+d —d om =

‘|

s<2d —d

[§+2.d |nNCS then sy =5+d. (3.8)

Finally we consider several particular subcases: if H denotes the subset of gaps of S inside the interval
[c—e, ¢’ —1] and 7 is the Cohen-Macaulay type of S, we deduce the exact value or good estimations
for s,, in the following situations.

If
If
If

If

If

If

If

If

H=0, then s, =s+d (4.1)

|2 if §>2d+1—d
Sm =1 34d otherwise (4.1)
S is associated to a Suzuki curve, then s, =5+d (4.14).

H is a non empty interval, then

#H <2, see (4.4).
¢ <3, see (4.5), (4.7).
T <7, see (4.10).
e <8, see (4.11).

S is generated by an Almost Arithmetic Sequence and embdim(S) < 5, see (4.12).

2 Semigroups: invariants and relations.

We begin by giving the setting of the paper.

Setting 2.1 In all the article we shall use the following notation. Let IN denote the set of all non-
negative integers. A numerical semigroup is a subset S of IN containing 0, closed under summation
and with finite complement in IN; we shall always assume S # IN. We denote the elements of S by
{Si}, it €N, with s0=0<s51<...<5 < Sigleee-

We list below some invariants and subsets related to a semigroup S C IN we shall need in the sequel.



e = s1 > 1, the multiplicity of S.
¢ = min{reS|r+INCS}, the conductor of S
d  := the greatest element in S preceding c, the dominant of S
¢ = max{s; €S |s <d and s;—1¢ S}, the subconductor of S
d = the greatest element in S preceding ¢/, when ¢ >0
14 = ¢—1—d, the number of gaps of S greater than d
g = #(IN\S), the genus of S (= the number of gaps of )
S = {seS|s<d}CS

S1) = {beIN| b+ (5\{0}) C S}
T = #(S(1)\S), the Cohen—Macaulay type of S

H = [c—ed]NIN\S CIN\S.

(Note that c —e < ¢ sincec—e—1¢ 9).
According to this notation we can represent a semigroup S with ¢/ > 0 as follows:

¢ gaps
S={0,*%...%x, e, ..., d,x...% ¢ «— dyx...x, c=}=5U{d — dx...% c—},
where “x” indicates gaps, “* ... x” interval of all gaps, and *“«— 7 interval without gaps.

Moreover for s; € S we fix the following notation.

N(s;) = {(sj,sK) €5%|si=s;+sk}; v(s;) = #N(s;);

n(si) = v(siti) —v(si).

dorp(i) = min{v(s;) | j > i}, the order bound.

A(si)) = @), (y,2) eN(si) |z <d, <y <d}; alsi)) = #A(sit1) — #A(si).
B(si) = {(zy)€ld,d’nN(s)} Blsi) = #B(sis1) — #B(si).
C(si) = {(z.9) €S*NN(si)}; V(si) = #C(sit1) — #C(s:)
D(si) = {l&y), (y,x) eN(si) | v =¢ x>y} 6(si) = #D(siy1) — #D(si).

Now we recall some definition and former results for completeness. First, a semigroup S is called
ordinary if S={0}U{neN, n>c}
acute if either S is ordinary, or c¢,d,c',d satisfy c—d<dc —d [1,Def.5.6].
Definition 2.2 We define the invariants s, m and t as follows.

s = max {s €S such that s<d ands—1{¢S}.

t = d-5s.

m:= min {j € IN such that the sequence {v(s;)}ien is non-decreasing for i > j}

(m >0 <= v(sm) > v(sma1) and v(Sm1k) < V(Smak+1), for each k> 1).
Theorem 2.3 Let S = {si}, [\ be as in Setting 2.1.
(1) v(s;) =i+ 1—g, forevery s; >2c—1. [7, Th. 3.8]
(2) v(sit1) = v(s;), for everys; >2d+1. [5, Prop. 3.9.1]
(3) If S is an ordinary semigroup, then m =0. [1, Th. 7.3]
(4) If s>d, then s, =5+d [6, Th. 4.1, Th.4.2].

In particular:

(a) if t <2, then s, =5+d,

(b) if S is an acute semigroup, then S, =3$+d, with



(i) either d—c >4—1, spy=c+c —2=35+d,
ii) or §=d (sm=2d). [5, Prop. 3.4].
i1 s=d 2d). [5, P 3.4

(5) If ¢ €{c—e,c—e+1}, then S is acute. [6, Lemma 5.1].

Remark 2.4 (1) By the definition of s it is clear that:
s—LeS foreach s€ S suchthat s<s<d.
(2) Theorem 2.3 implies that 0 < s,, < 2d for every non-ordinary semigroup.
(3) The condition (a) of (2.3.4) does not imply S acute; analogously there exist non-acute semigroups
satisfying the conditions (4.b,i — i), see Example 2.9.2.

We complete this section with some general relation among the invariants defined above.
Proposition 2.5 [6, Prop. 2.5] Let ¢ =c—e+q, withq>0. Then
(1) e<20+t+gq.

(2) The following conditions

(a) d—c >0—-1 (ie c+c —2<2d).
(b) 5—¢=c —1.

(¢c) e+ —2=5+d.

(d) e=20+t+gq

are equivalent and imply

(i) ¢ <5<d (= sm =5+d).

(19) Sis acute <= d—d >2(+t.
Proof. (1) By definition 2.2 we have s — ¢ < ¢ —1=c—e+qg—1,then s—¢ < d+ ¢ — e+ g and so
e<20+t+aq.
(2) The equivalences (2.a) <= (2.b) <= (2.c) are proved in [6, Prop. 2.5]. Clearly the equality
e=20+t+qholdsifand only if §—¢=d—t—{=c — 1. Further:
(¢) is obvious by (2.b).
(i) If (2.b) holds, then d —d’' — (20 +1) =50 —d — £ = (¢ —d')— ((+1) = (¢ —d') — (¢ — d). Then
Sisacute <= d—d > 20+t

Theorem 2.6 Let t =d—735 (see 2.1). The following facts hold.

(1) (a

(a) If 0<h<eandd—he S, then e>h+{+1.
(b

)

) If 5,8 €8, s>c—e and s—{<s <s, then s >c—e.

(2) §>c—e (equivalently, e>t—+/{+1).

(3) Lett >0 and let s :==min{s€ S |s>35}. Then
e>2+14+d—5s >20+1 (equivalently, s > c—e+ /).

In particular,

(@) s+1e€8S = e>20+1;
b) d<s<d=e>20+t.
(4) One of the following conditions hold

(a) s—L€>c—e (equivalently e > 2(+1, equivalently s—{ € H)
(b) s—C=c—e—1 (equivalently e=20+1)
(¢) c—e—t<s—tl<c—e—1 (equivalently e < 2{+1)



(5) Assume e < 2¢+t, then :

(a) either s<d  or t=0;
(b) in case §<d wehave: [S+1,c—e+{—1NS=0, #H >20+t—e,
further if s < d', then #H >20+t—e+12> 2.

Proof. (1.a) Wehaved <d—h+e€ S. Henced—h+e>c=d+{+1.

(1.b) If s> cwehave s’ >¢c. If s<d, let s =d—h, s=d—k>c—e (hence k+{¢<e—1), then

d—l—k<d—h= h<k+{<e—1. Now apply (a): e > h+/+1, equivalently, d—h > d+{+1—e.

(2) Letd=c—e+hl+r,withh >0, 0<r < { (recall that c —e < d). If s < c—e, by (2.4.1) we

gets<d—hl €S, d—(h+1)¢eS; further we get c —e — ¢ < d— (h+ 1)¢ < c — e, a contradiction

because [c — £ —e,c —e — 1] NS = () for every semigroup.

(3) By (241),s<s¢ <d=s —-fecSandsos —{+eeS. Sincec—e <35<s, weget

s$—fl+e>c—0=d+1;it follows that s’ —f+e>c=d+{+1.

(4) Since ¢ —e —1 ¢ S, the statements are almost immediate by (2).

(5.a) follows by ((3.b).

(5.b) We are in case (4.c): since obviously [c —e —£,c —e —1] NS = (), we have
f—f+1l,c—e—1]NINCc—f—e+1l,c—e—1]NINCIN\S.

By the definition of 5, we deduce that [§+ 1,c —e+ ¢ — 1] NIN C H. The last inequality follows

recalling that s+1<d = c—e+{f—1<d,henced +1€ H\[§+1l,c—e+{—1]. o

Corollary 2.7 Assume s<d (i.e. t>0). Then
(1) If d=c—e+gq, withqe {0,1}, then d—c > —1 and e=20+1+q.
(2) If d—c <{—2, then

(a) d—d+2< d—d <t<e—-3—-(d-/);
) if 5>2d' —d, then t <20,

Proof. (1) By the assumptions and by (5), (4) of Theorem 2.3, we have d — ¢’ > £ — 1. Then the
other statement follows by (2.5.2).

(2.a) Since d’ < ¢ — 2 the first inequality holds for any semigroup. We have d — ¢ < £ — 2, by
assumption, and d — £ € S, by (2.4.1). Hence d’ > d — ¢. For the last inequality see [6, Prop. 5.2]].
(2.b) follows by (2.a) because the assumption means ¢t < 2d — 2d’. ¢

Corollary 2.8 Assume 5 <d'. The following facts hold:
(1) d=—d<t—-2, d-—d <¢t, d>c—e+2.
(2) If e <2041t, then

(a) #H <(+4+t—2(d—¢)—4.
(b) e=20+t<—=d+20—e€S.

(3) If HC[d —t+1,d —1], then e <20+t.
4) If H=[d'+1,/ —1]NN and e<2(+t, then s=4d'.

Proof. (1) By (2.5.2) we see that § < d = d — ¢ < £ — 2, therefore d —d < ¢ (2.7). Further we

have ¢ > c—e+2 because c—e <3 (2.6.2) and s<d < —2.

(2a) By (1) we have d — d’ < ¢, then by (2.6.1-2) and by (2.4.1), we deduce that
{d—4,..,d=035d}CcSNc—ed].

Hence #H < —(c—e)—2—(d—+1)=2c —2d—¢—-1—-34e< 2/ —2d—0—-1-3+ 20+t =

C4t—2d—c)— 4.

(2b) Clearly e = 20+t = d+2({ —e =5 € S. The converse follows by the assumption and by

Theorem 2.6.50: c—e+/{—-1=d+20—e€ S = e>2(+1t; then e =20+ t.

(3) s<d=d—¢<d by (l). Hence s—¢=d—{¢—t<d —t: now the assumption on H

impliess — ¢ ¢ H, ie., e<2{+1(2.6.4).

(4) fe<2(+t,wehave $+1¢ S (2.6.3);sincec—e<s+1wegets+1€ H,andsos=d. o



Example 2.9 (1) If ¢ > 0, for each s; such that § < s; < d, we have that s; — £ € S, hence
s; —8i—1 < £, but it is not true that for each s; € S such that c—e <'s; < d, we have ;41 —s; < £:
for instance let £ > 2 and S = {0,50c, Tls—q_s=q', 8Lq, 9 + 1. —}.

(2) When ¢ = 0 the inequality e > 2¢ 4+ 1 (proved in (2.6.3) for ¢t > 0) in general is not true, even for
acute semigroups:
Sy = {0, 100_g, 170,18, 19, 204, 270 —} :
£=6,t=0,5=d and S;isacutewithd—c </—2, e < 2.
So = {0, 8, 124, 14, 15, 164, 20, —} :
{=3,t=0 ,S5isnon-acute withd —c =¢—-1, e> 2/.
Sy = {0, Te, 120/, 14p_g, 19, —1}
=4, t=0, S3isnon-acutewithd—c </-—2, e<2/.
Sy = {0, 10e—r, 144, 20, —}
£=5,t=0, S;is non-acute withd — ¢’ < £ —2, e = 2/.

(3) When s < d’ we can have every case (a), (), (¢) of (2.6.4):
S5 =40, 13., 154, 204, 26, —}: L =t=5 e<2{+t=15;
S = {0, 15, 190—s, 244, 30, —}: 0=t =5 e=20+t=15;
Sy = {0,26,, 28, 31y, 334, 39, —}:l=t=5 e>20+t=15.

3 General results on s,,.

As seen in [6], s; = 5+ d when § > d'. To give estimations of s,,, in the remaining cases we shall
use the same tools as in [6]: we recall them for the convenience of the reader. We shall add some
improvement, as the general inequalities (3.1.3) on the difference v(s+1) — v(s), however a great part
of the following (3.1),(3.3),(3.4) is already proved in [6, 4.1, 4.2, 4.3].

Proposition 3.1 Let S’ ={s € S, | s <d'}. Fors; € S, let n(s;), a(s:), B(s:), v(si), 6(s;) be as
in (2.1). Then:

(1) If s<d', we have:
Siv1 =8;+1 for s; >S5+ d — £, in particular for s; > 2d'.

(2) For each s; € S: n(s;) = a(s;) + B(si) +v(s;) + 6(s;). Further

[ —2 if (sip1—c ¢S5 and s;—deS)
05(81') = 0 Zf (Si+1 —d el — si—de S/)
2 if (siq1—cd €8S and s;,—d¢ 5.

if s, <2—2 or s;>2d
B(si) = 1 if 20d-1<s<c+d-1
-1 if Jd+d<s;<2d

0 if s >2d+1
As)= | ~1 if si—od
-1 if s <2d and [s; —d,d]NINCS.

0 if sip1—césS, s,<2c—1
5(52‘): 2 if Siv1 —c€S, 5 <2c—1
1 if s; > 2c .

(3) Let s=2d—k<2dands+1€S, then:



(a) —[lﬂ —1<v(s+1)—v(s) < [?]

, , h h+1

() If s=2d'—h<2d, then —[3] 1<) <[]

Proof. (1) By assumption and by (2.6.2) we havec—e << d andsod —¢ € S. It follows d' —¢ > ¢

because d > e>/¢+t+1(2.6.2). Hence s >s+d — ¢ = s> c.

(2) By [6, (3.3)...(3.7)] we have only to prove the last two statements for ~.

Let s=2d'—he S, heN, s+1=2d —h+1 and assume [d — h,d']| = [si—d’ d’]ﬂ]NCS Then:
Csi) = {(d — h,d),(d —h+1,d —1),(d —h+2,d —2),.(d —1,d —h+1),(d,d —h)}

C(siy1) ={(d —h+1,d),(d —h+2,d —1),.,(d —1,d —h+2),(d,d - h+ 1)}

it follows that v(s;) = #C(s;y1) — #C(s;)) =h—(h+1) = —1.

(3.a) To prove the inequalities for s = 2d — k, let 2d — k = = + y, with « > y: then

k
Therefore divide the interval [d — {2} ,d] "IN in subsets

AJ:[***QJ<—>bJ}:HJUSJ, ]:1,,](8)
with S; €S, S; =aj,b;] "IN interval such that b, +1¢ S, and H; CIN\ S, H; #0, ifj>1
(i.e. aj—1 ¢ S fOI‘j >1, Hy = ) = a; =d— [k‘/Q] S S)
Let Nj(s) := N(s) N {(z,y), (y,x) | z € Sj, x > y}: we have N(s) = [J,;N;(s) U D(s). Hence:
v(s+1) —v(s) = (3, n) +(s), where n; =#N;(s —|— 1) #N;(s).
Further: —2 < n; < 2. This fact follows by the same argument used to prove the formulas for
a(s;), B(s;) recalled in statement (2) above. Since 0 < §(s) < 2 (see (2) above) we conclude that
(+) —2j(s) < w5 +1) — v(s) < 24(5) + 2
More precisely, to evaluate the largest and lowest possible values of v(s+ 1) — v(s), with s = 2d — k,
(A) k=4p
(B) k=4p+1
(C) k=4p+2
(D) k=4p+3.

we consider separately four cases:

k
Z} + 1. First note that d € S, hence j(s) is maximal

when #H; = #5;, =1,1e [d— [%] ,d] = [... * X % X... x d] (where x means element in S).
1 <v(s+1) <z
y1 <v(s) <y

the statement will follow by the obvious inequality 1 — y2 < v(s+ 1) — v(s) < 29 — 4.
- If either k& =4p, or k=4p+ 1, then j(s) is maximal if and only if
[d—[£],d] =[d—2p*..xd—2xd], withj(s)=p+1.
Note that when j(s) = p+ 1, then 1< #(N(s)\ D(s)) < 2p+ 1 because (d — 2p,d — 2p) € N(s);
further we have p < j(s+ 1) <p+landso 0<#N(s+1)<2p+4.
If k=4p, wehave 1 <#(N(s)\D(s)) <2p+1, since (d—2p,d —2p) € N(s), further j(s+1) =p
hence 0 < #(N(s+ 1)\ D(s+ 1)) < 2p.

In each case we can see that j(s) <p+1= [

In each of the above cases we shall find integers x1, 22, y1, y2 such that { , then

—{]ﬂ —1==2p—-1<w(s+1)—v(s) <2p+2-1< {k;ﬂ

If £k =4p+1, we have 0 < #(N(s) \ D(s)) < 2p + 2, further s+ 1 = 2d — 4p, therefore

1 <#(N(s+1)\ D(s+1)) <2p+ 1. We obtain:
k

_M —1:—2p—1§1/(s—|—1)—1/(8)§2p—|—3:{

E+5
2



k
- If either k =4p+ 2, or k = 4p + 3, then {2} =2p+1,

analogously we get j(s) = p + 1 maximal if

J k Jl = [*d—2p*..xd—2xd] or
21’7 | [d=2p—1..% x x *...d] ( with one and only one j, such that #5S;, = 2).

If k = 4p+2, in the first subcase we get 0 < (N(s)\D(s)) < 2p+2, and 0 < #(N(s+1)\D(s+1)) < 2p
because (d — 2p — 1,d — 2p) ¢ N(s+1). Hence

2
In the second subcase we get 1 < #(N(s) \ D(s)) < 2p+2, because (d —2p—1,d —2p—1) € N(s)

and 0 < (N(s+1)\ D(s+1)) < 2p since (d —2p — 1,d — 2p) ¢ N(s+1). Hence

_m =2 - 2<u(s+ 1)~ u(s) <+ 1< {k;ﬂ

m 1= —2p-2<u(s 1) —u(s) S W2 < {“5}

If k= 4p+ 3, in the first subcase we get 0 < (N(s) \D(s)) <2p+2, and
0<#(N(s+1)\D(s+1)) <2p+2 because (d —2p —1,d — 2p) ¢ N(s+1). Hence

—E] —1=-2p—-2<v(s+1)—v(s)<2p+4= {k;E)]
In the second subcase we get 0 < #(N(s) \ D(s)) <2p+2 and 0 < #(N(s+1)\ D(s)) <2p+1
because (d —2p — 1,d —2p — 1) € N(s + 1). Hence

k k+5
—{2] —1==-2p—-2<vw(s+1)—v(s) <2p+3< {;—}
(3.b) The proof is quite similar to the above one: since y(s) = #C(s+ 1) — #C(s), we do not need to
add d(s) and so formula (%) becomes

—2j'(s) < y(s) < 2§'(s),

where j'(s) is the number of the subsets A; as in (3.a) contained in the interval [d’ — {2} ,d']NIN.

Then it suffices to proceed as above. <

Example 3.2 The bounds found in (3.1.3a) are both sharp. To see this fact, consider
S = {0,10.,204,304,40. —} and the elements s = 2d — 1 = 59, s + 1 = 2d = 60. By a direct

k+5
computation we easily get: v(s+1) —v(s) =3 = [%] (with k = 1), and

1/(8-1—2)—1/(8-1—1):—[;} ~ 1 (with k = 0).

Proposition 3.3 Let O mean ¢ S’ and x mean € S" (recall that for s < d', we have s € S <= s €
S"). The following tables describe the difference n(s;) = v(siy1)—v(s;) fors; € S, s; < 2c¢ in function
of a,3,7,6.

(a) If s; <2c:

Siy1—¢ Si—d sip1—c a4 n(s;)
¢S X O -2 0 B+y—2
¢S O O 0 O B+
¢S X X 0 0 B+
¢S O X 2 0 B+y+2
es X @) -2 2 B+
€S o O 0 2 B+v+2
es X X 0 2 B+v+2

| €S O X 2 2 f4y+4]




More precisely we have the following subcases.

(b) If s; < 2d' — 1, then [=0:

sip1 —¢ si—d sip—c¢ a B0 n(s)
O x O -2 0 0 -2
© X X 0 0 0 5
© © ® 0 0 0 y
x X o -2 0 2 v
© O X 2 0 0 y+2
x O O 0 0 2 ~A+2
x x x 0 0 2 ~y+2
L X O X 2 0 2 N4 ]
(c) If s; =2d', then (=0, v=—1:
[ sin—c si—d sim—c a B 0 n(s)
© X O -2 0 0 -3
O x X 0 0 0 1
© @) o 0 0 0 ~1
x X o -2 0 2 -1
O O x 2 0 0 1
x O O 0 0 2 1
x X X 0 0 2 1
L X O X 2 0 2 3 ]

(d) If s; € [2d' + 1, +d —1], then pB€{0,1}, v=0:
v(sit1) < v(s;) if and only if the following row is satisfied

/
Si+1 —C S;—d Sip1 —C
@) X O

& .l’ S; S Cl + d7 2d then /3 — _1 ’Y — () S; — d c S S S; - Cl SI then
Y ) ’ Y + J’
V(S»L_I,_l) < V(Si) < S; _ﬂ_d¢ S.

The next theorem collects the results [6, Th. 4.1, Th.4.2, Th. 4.4] with some upgrades: statement (1)
improves [6, Th.4.2], the last part of (5) is new.

Theorem 3.4 With Setting 2.1, the following inequalities hold.

(0) If s>2d —d, then s, <3s+d;
if s<2d —d, then s, <2d. More precisely

) If s>d+d—d, then s, =35+d.

@) If 5=d+c —d—1, then sp<35+d— 1.

(3) If 2d —d<s<d+cd—d-1, let
U={ce2d+1-4d, sjNS | c—£¢S, o+d+1— ¢ S}:

(a) if U#0D, then sp, =d+ maz U,
in particular $;, =5+d <= s+d+1—-c ¢ S,
(b) if U=10, then s, <2d.

(4) If s=2d' —d, then s, =35+d.
(5) If s<2d —d, then s, < 2d’', more precisely:

Sm = 2d' < 2d’ satisfies either row 3 or row 4 of Table 3.3 (c).



In the case s+d+1—c ¢S
(a) if 2d —d—2<35<2d —d—1, then 5+d < s, <2d
) if s=2d—d—3j, j=3,4and{d —j,...d —1}NS£{d —j+1} then s, >35+d.

Proof. (0) is proved in [6, (4.4.1),(4.4.3)].

Now recall that § > c¢—e (2.6.2), hence s5+d+1 > c+1 € S; further in cases (1) and (2) s+d+1—¢ > d’,
hence (1) and (2) follow by (0) and by Tables 3.3 (d), (e).

The cases (3) and (4) follow easily by Tables 3.3 (d) and (c).

(5) We have s, < 2d' by (0); further 2d’ cannot satisfy the first two rows of Table 3.3 (¢) since
5<2d —d.

By a direct computation we can see that we always have v(2d' — j) < 1, for j < 2, while for
=34 ~y@2d —j) <l<={d -j..,.d-1}nS #{d —j+1}. Now (a) and (b) follow be-
cause v(s+d) > v(s+d+1) by Table 3.3.(b). o

The following conjecture gives a lower bound for s,,, it is justified by calculations in very many
examples. We are able to prove that it holds in many cases.

Conjecture 3.5 For every semigroup the inequality S,, > c+d — e holds.

First we note that (3.5) holds in the following general cases:

Then s, > c+d—e.

: .
Proposition 3.6 Assume Zzther Sm 28 +d

Sm >2d" and s<d
In particular if either $>c +d —d or s+d=2d, then s, >c+d—e.

Proof. The first statement follows by (2.6.2): in fact § > ¢ —e.
If s<d, su>2d,wehave d >c—e+¥¢(2.6.1b) and d—d < ¢ (2.8.1). Hence s, > 2d' >
d +c—e+{€>c+d— e Now the particular cases follow by (3.4.1,4). ¢

Corollary 3.7 (1) If s, > 2d', then s, —deS.
(2) If s=d —1, then s, =5+d < ¢ #d.

Proof. (1) follows by Table 3.3.(d).
(2) If ¢ =d, then s, #5+d, by (3.4.2).
If ¢ #dand §=d — 1, we have 5§ > d’' 4+ ¢/ — d then apply (3.4.1). <FFFFFFFFFFFFFFF

Proposition 3.8 Assume s <d —2 and [§+2,d]NINCS. Then s, <5+d:

=5+d<=5+1¢Sandd =d

: o e ’ ;o
(1) if 2d —d<s<d +c —d, then sy <5+d—1, otherwise.

(2) if s<2d —d, then s, =35+d.

Proof. In case (1), by applying Theorem 3.4 we see that s, < s+d ; further s, =5+ d < s+d+
1—c¢ ¢5. Sinces+1<354+d+1—c¢ <d by the assumptions, we see that s,, =5+d < ¢ =d
and §+1¢8S.
In case (2), by Theorem 3.4 we have s,, < 2d’.
Now let s+d+1<s<2d. Then by the assumptions we get

§s+2<s+1—-(cd<s—d-1<d

s+1€8 and s+1—-c €85

{s=d,..,d} TS (hence v(s) = —1 (3.3.2))

s—f0—deS (by (2.4.1)).
From Tables 3.3 (b) — (¢) we conclude that s, < s and also that s, =35+ d; in fact
se8, 5—0¢S8, futher §4+d—d > 35+ 2, because d — d’ > 2, therefore y(5+ d) = —1 by the
assumptions and by (3.3.2). ©
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Remark 3.9 (1) Both situations of (3.8.1) above can happen, even for £ = 3 (see the following (4.7)):
(A)If¢=3,t=5,d =d-3, ¢/ =d—1, (4.7.case A) we have s,, <5+ d.
B)IfL=3,t=5,d=d-3,d—4¢S, ¢ =d,(4.7.case B) we have s,, =5+ d.

(2) Assume 2d' —d<s<d+cd —-d—1 and [d —£¢+2,d]NIN C S; then the set U of (3.4.3) is
empty. In fact for each s € S, such that 2d' +1 < s < 5+ d, we have s +1 € S, and by (2.8.1),
d—(0+2<2d+2-d<s+1-c <d, therefore s+1—c € 5.

(a) s+d+1- €8S
(3) If s,, <2d' <5+d,then (b)5+d+1—¢ —LeS
() {2d' —d—¢,2d +1—-}nS #0.

(3.a) holds by (3.4.3); in fact the assumptions imply U = ) because 5 — £ ¢ S.
(3.b) is clear by (3.a) and by (2.4.1) ,since s<s+d+1—¢ <d.
(3.c) follows by Table 3.3 (c)).

e assumption s, > 2d’ in (3.7.1) is necessary: for instance i

4) Th i 2d" in (3.7.1) i for i if
S = {0,20,, 21,26, 274, 324,39, —} we have s,, = 2d’, with 2d' —d ¢ S
(we deduce s, = 2d’ by Table 3.3 (¢)).

Proposition 3.10 If s<d and[d — ¢, d]NINC S, let h=d—c, g=d—d. Then
(1) [s—£+1,d]NINCS and e>20+t.
(2) If 2d —d<s<d +c —d—-1, we have

(a) g+ h+1<t<2q (<20,

(b) For se€[s+d —£+1,2d| NS, we have y(s) = —1.
(¢) We have s, < 2d'.

(d)

d) Let Wi=[F—20+1,2d —¢—d]nN\S.
If W #0, let hg := max W, then s, > hg +£+d.

(e) sm<s+d—_l+1<=[—204+1,2d —d—¢{NINC S,
Sm<S+d—F0+1=— e>30+t.
(f) If [§—20+1,2d —d— ¢ NINCS, then s, >s+d —L+1.

Proof. (1) By the assumptions and by (2.4.1) we have [s— £+ 1,d']NIN C S; the inequality e > 20+t
follows by (2.6.3)
(2) Statement (a) is immediate by the assumption 2d' —d <5< d +¢ —d—1.
(b) follows by (1) and by (3.3.2).
(¢) By (3.4.3) we know that s, <5+d. Foreach 2d' < s <§+dwehaved —¢ <2d +1-¢ <
s+1—¢ <s+d+1- <d+—1+1—¢ =d'. Therefore s+1—¢ € S and s, < 2d' by (3.4.3D).
(d) and (e) Note that se€ [s+d—{¢+1,2d|NS =5—(+1<s—d<s+1-c <s—-d <d,
hence {s —d, s+ 1—¢'} C S and v(s) = —1, by (b) and the assumptions. By Table 3.3 (b) we get
v(s)>v(s+1) <= s+1—c¢S8.
Then (d) follows and the equivalence (e) becomes immediate by (¢) and (d), recalling that s+1—c =
s—L0—d. Weget e>30+1tby (26.1-2),sinced— (20+t—1) € Sand 20+t —1 < e by (1).
(f) For s € [§s+d — ¢+ 1,2d — ¢ NN, we have y(s) = —1 (see (b)). If there exists 5§ €
[S+d —¢+1,2d —¢)NIN, 5+1—¢ ¢S, we have s —d € S’ by the assumptions and so s,, > 3§ by
Table 3.3 (b); the claim follows.
Assume on the contrary that [§+d —£+2—¢,2d —¢(+1—-]NIN CS: then
[f—20+1,2d —04+1—-]NINCS.
In fact g+h+1<1¢(3.10.1) = 54+d —4{+2—c =d—q—l—t+2+h <d—2q—L0+1=2d —(+1—d.
We can iterate the algorithm looking for one element 5 € [2d' — £+ 1,2d' — ¢+ d + 1 — ] N IN such
that 5+1—¢ ¢ S. If needed we repeat the argument till we find s’ such that s'+1—¢’ ¢ S: s’ surely
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exists since s — £ ¢ S. ¢

The previous results can be summarized in the following theorem.

Theorem 3.11 Assume [d' —¢,d]NINCS. Then s, > ¢+ d —e. In particular:
(1) if 2d —d<s<d +c —d, we have c+d—e<s+d —0+1<s, <2d,
(2) sm =38+d in the remaining cases.

Proof. (1) Since § < d’, we have [§— £+ 1,d]NIN C S, e > 20+t by (3.10.1). It follows that
S§—{¢+1>c—ebecause [c—L—e,c—e—1NS=0and §>c—e by (2.6.2).
The inequalities follow by items (¢, )(d), (), (f) of (3.10):
if the set W of (3.10.2d) is not empty then we see that s, >s§+d—¥¢+1>35+d —£+3 by (3.10.2d),
recalling that d’ < d — 2.
If W =0, by (3.10.2f) we get s,, >5+d — £+ 1.
(2) follows by (3.4.1) and by (3.8.2). In this case s,, > ¢+ d — e by (3.6).
To prove S, > ¢+ d — e in case (1), first assume that W = (): since d’ > d — ¢ (2.6.3b) and e > 30+t
(3.10.2f), we get Sm>5—Ll+d+1>5—4+d—A+1=c+d—3H—-t>c+d—e.
If W # (), since e > 2¢ + t we get
Sm>85+d—C0+1=c+d—20—t>c+d—e,
furtherd >d' +1 = 35+d—-(+1>s5+d —(+1. o

4 Some particular case.

In this section we shall estimate or give exactly the value of s, in some particular case. Since s,,, = s+d
for each semigroup S satisfying § > ¢/ + d’ — d, in this section we shall often assume 5 < ¢’ +d’ — d.

4.1 Relations between the order bound and the holes set H.

Let H :=[c—e,d]NIN\ S be as in (2.1): when H is an interval we deduce the value of s,,,; if #H < 2
and in some other situation we give a lower bound for s,,.

Proposition 4.1 (1) If H =0, then ¢ =c—e and S is acute with s, = 5+ d.
(2) Assume that s < d'. Then the conditions

(a) [d—£6,d]NINCS and e=20+1t
(b)) H=[d+1,¢ —1]NN

2d’ if 2d —d+1<s<d+d—-d-1

are equivalent and imply: sm = sS+d in the remaining cases.

Proof. (1) H =0 <= ¢’ = ¢ — e; then apply (2.3. 5 and 4).

(2), (a) <= (b). (a) implies that [s—¢+1,d]NINC S, and s—¢=c—e—1(3.10.1) and (2.6.4).
Hence (b) holds. On the contrary, (b) implies [¢ —e,d']NIN C S. Since ¢ —e < d' — ¢ by (2.6.3), we
get [d — 4, d]NIN C S, further e = 2¢ 4+t by (2.8.3 and 4).

Now assume that (a) — (b) hold. Since ¢ —e < d' — ¥ by (2.6.1), when 2d' —d < s < d + ¢ —d,
we have by (2.8.1)c—e—¥¢<d —{¢—(d—d)=2d -4 —d<5—¥¢<c—e—1. We obtain s,, > 2d’
by (3.10.2d) because the set W as in (3.10.2d) has 2d' — ¢ — d = maxz W. Now s,, = 2d’ follows by
(3.10.2¢).  For the statement in the remaining cases see (3.11.2). o

Example 4.2 When § > d' the implication (b)) = (a) in (4.1.2) is not true in general: in fact
S = {0,86, 120 =g, 140/,15,164 * * x 20, ~>} has H = {c’ — 1} = {13}7 t=0, (=3, e ?é 20 + t.
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Proposition 4.3 Assume 5 < ¢ +d —d. Letk:=min{fn € N|d —n ¢ S}, h:=d-/,
s:=d +d —k—1. We have

(1) s<2d <= —-d <k+1<=d—-d <k+h+1.
(2) If s<d —k and ¢ <k+h+1, then s, >s>c+d—e.
B) If 1<k<t, /—d<k+1land{d —¢ .. ,d}\{d -k} CS, then c+d—e<s< s, <2d.

Proof. (1) is obvious by the assumptions.
(2) Wehave [d —k—£¢+1,d = NINC S (2.4.1).
Now we claim that y(s) = —1. In fact the assumption £ < k + h + 1 implies ¢ —d' =d—d — h <
{—h<k+1, and so s < 2d’; since [s — d',d] NIN C S, then v(s) = —1 (3.1.2). Since 5§ < d’, then
d—c <{£—2,further ¢ < k + h + 1; therefore
d—k—t+1<s—d=d+d—-k—-1-d<d -1

Hence s —d € S. Moreover s+1—¢ =d —k ¢ S. Then s,, > s by Table 3.3 (b).
To prove that s > ¢+ d — e, recall that ¢ —d < k + 1. Then by assumption we have s < d' — k <
d—k—1<d. Thend —k—1€ S and by (2.6.3) weget ¢ —k—1>c—e+¥¢. Hence

s=d+d—-k—-1>d—4+—-k—-1>c+d—e (2.8.1)
(3) By assumption s < d' —h < d, and so [d —h —{,d = NIN\{d — k- ¢} CS. Hence
[d—h—0d—k—-1NIN \{d —k—(} CS. Now recalling that k < ¢ we get:

d—h—t(<s—d<d-k—h<d—k.

Hence s—de S:infact s—d#d —k—{ because s—d>d —k—{+ 1. Further s+1—¢ ¢ S and
v(s) = =1 by (3.1.2) since s < 2d’ and {s —d',...,d'} C S. Then s < s, by Table 3.3 (b).
The inequality s > ¢+ d — e can be proved as in (2).
In order to prove the last inequality, by the assumptions on s and by (3.4) it suffices to consider
elements u € [2d'+1, ¢ +d’—1]NIN. For such an element u we have d’ > u+1—¢ > s+1—-¢ =d' —k;
hence u+1—¢ € 5’, then v(u+1) > v(u) by Table 3.3 (d). <

Corollary 4.4 Suppose s < +d —d and #H <2. Then s, >c+d—e.

Proof. If #H =0, we have s,, = 5+ d and we are done by (4.1.1) and (3.6).

If (#H =2 and H={d +1,¢ —1}), or #H =1, then either s, =5+d, or s, =2d" (4.1.2);
now see (3.6).

Finally assume that H = {d' — k} U {d' 4+ 1}, with k& > 1. In this case we have ¢/ —d' =2 < k+ 1,
since k > 1. Hence the claim s,, > ¢+ d —e follows by (3.11), if £ > ¢, and by (4.3.3) if k <. o

4.2 Case ( =2.
If ¢ =2, the conjecture (3.5) is true, more precisely by [6, Thm 5.5] we have:

Proposition 4.5 Assume £ =2, then s, > c+d—e and

t<2,
(1) sm=s5+d if | t=4
t>5 and d—3¢€S.

B ‘ either t=3 and d—6¢ S
(2) s =2d—4 if or t>5 and d—3¢S.

(3) sm=2d—6 if t=3 and d—6¢€ S (all the remaining cases).

Proof. The value of s,, is known by [6, Thm. 5.5 ]. Another proof can be easily deduced by
(2.4.1), (3.4.2), (4.3.3), (3.8.2), Table 3.3 (d), (3.10. d, f). The inequalities s,, > ¢+ d — e now
follow respectively by (3.6) and by (3.11.3). ¢
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4.3 Case /= 3.

If ¢ = 3, we compute explicitly the possible values of s,, and we show that the conjecture (3.5) holds.
Notation 4.6 (1) If s;, =2d—k € S, k € IN, let
M(Si)Z: {(Sh,S]‘) S 52 ‘ S; = Sp + SjsSh < d, S < d}

Note that M(s;) = {(d —z,d—y) € S?, | 0 < z,y < k, z+y = k} and that for s; > ¢, we have
Si+1 —c=d — £ — k; for short it will be convenient to use the following notation.

) Yi={zeN, |2<d, d—z€ S}
*
(c,h) € S x X, h=d+ c—s; instead of the pair (¢, s; —¢) € N(s;).

If¢=3,thene >t+0+1=t+4 (2.6.2). To calculate the value of s,,, we shall assume § < ¢/ +d’' —d,
otherwise s, = 5+ d by (3.4.1). Then we have t > 3, d —3 € S and d —3 < d’, by (2.5.2) and by
(2.8.31). Three cases are possible:

Case A: S={0,e,....d—3,x,d—1,d,xx*x,c=d+4—} d=d-3
Case B: S={0,e,...,d—3,%x % dxxx,c=d+4—} d=d-3
Case C: S={0,e,...,d—3,d—2,x,d,xx*x,c=d+4—} d=d-—2.

To describe M (2d — k) we shall use the notations (x) fixed in (4.6) and forwhen necessary for an
element 2d — k we shall list all the pairs (x,y) € M’'(2d — k) and the pair (¢,{+ k+ 1) € S x £ (the
pairs underlined ( , ) not necessarily belong to ¥2).

Proposition 4.7 Assume { = 3. Then s, > ¢+ d — e. More precisely the values of s, can be
computed as follows.

[ s+d if either t€[0,7)\ {5} or (t>8,d—5€)5)
2d—7 if t>8,d-5¢S85
if t=5:
Case A. We have: s, = | 2d—6 if d—9¢S
2d—7 if d-9€S,d—10¢S
2d—9 if {d—9,d—10}CS, d—12¢ S
| 2d—10 if {d—9,d—10,d—12}CS

Proof. S ={0,e,...,d —3,%,d—1,d,xx*,c=d+4—}, withe>/{+t+1=1t+4(2.6.1).
First we have s, =5+ dift <2d—¢ —d =4 and s, <5+d, if t =5 by (3.4.1 and 2). Hence we
can assume t > 5, sothat d—4=d—-1-¢€ S, d—3—-¢=d—-6¢€ S, 1ie.,{0,1,3,4,6} CX.
Ift =5 we have [d — 4, d]NINC Sand 2d =2d-6 <s+d=d +¢ —1. We obtain that
2d—10< s, <2d', e>20+tand s, > c+d— e by (3.11). More precisely we can verify that:
2d—6 if9¢X% Sm=2d">c+d—e
2d—-7 if9€Xand10¢ X Sm=c+d—11>c+d—e
sm=| 20—9 if9€% 10€%,12¢3 sp=c+d—13>c+d—e
in fact 10 € ¥ = e > 14
2d—10 ¢f{9,10,12} C & Sm>c+d—e.
Note that in this case we have d+d —¢—t+1=2d—2{—t+1 = 2d—10 and this bound is achieved
if {9,10,12} C % (with e > 16). See, e.g. S = {0,16,34, 36,37, 39, 405, 41,42, 43,1, 45,464, 50, —}.
If t > 6 we have §< 2d’ —d and we consider the following subcases.
If t =6, then 5=2d —d=s, by (3.44).
If t>7and 5€%, onehas [d —¢,d]NINC S and s< 2d' —d, hence s,, =35+d, by (3.11).
Ift > 7 and 5 ¢ %, we know that s,,, < 2d’ by (3.4.5); one can compute directly that
v(2d') <v(2d' + 1) (see Table 3.3 (¢)) and that v(2d—7) > v(2d —6),
hence s, =2d —7=2d' —1. Sinced—6=d —¢ € S, wegete>20+146=13 (2.6.3), and so
Sm > c+d—e+2.
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[ Case t<3: Sm=25+d
Case t>4,d—5¢S: Sm =2d—6
Case t>4,d—5€S,d—4€S:
if te{4,5}, Sm € [2d — 9,2d — 6]
if t>6, Sm =8+d
Case B. We have: Case t>5,d—5€S,d—4¢S85:
if te€{5,6,8}, Sm =S§+d
if t=1, Sm € {2d — 8,2d — 11}
if t>9, d—7¢5, Sm=2d—8
if t=9, d—7¢€8, Sm € {2d —10,2d — 11,2d — 13}
i if t>10,d—T7¢€ S, Sm =8 +d.

Proof. S ={0,e,....,d —3,% * ,d,x*xx,c=d+4—}, e>t+4.
As in case A we can see that s,, =s+d if t <3 and s, < s+ d for t =4. Suppose t > 4. Then
{0,3,6} C X. We deduce the statement by means of the following table:

2d—3 (0,3)
2d — 4

If 4eX, 5€X, we have [d —¢,d]|NIN C S and by applying (3.11) we get s, > ¢+ d —e. More
precisely, one can easily verify that for ¢t € {4,5} we have 2d — 9 < s,,, < 2d — 6, for t > 6 we have
5 < 2d —d, then by (2.4.1) and by (3.8.2) we get s, =5+d .

If 5¢ %, we have s, = 2d — 6.

If 4¢% 5e€3:
2d-5 <<= t=5
2d-6 <= t=6(8€X, 9¢2%)

the remaining cases to consider satisfy {0,3,5,6,8,9} C 3,4 ¢ %, with ¢t > 7, s, < 2d — 6:

r2d—7  (0,7) (c,11)
T¢X or
24—8  (0,8)(3,5) (¢,12) Sy = 2d — 8 <= 7§2,H¢2(:$7§t§8)
otherwise 7,11 €% : {0,3,5,6,7,8,9,11} C X 4¢ %
24—9  (0,9)(3,6) c,13)
2d —10 (0,10)(3,7)(5,5) (¢,14) s =2d—10<=10€ X, 13¢ X( = 9 <t <10)
) either (a) 10,13 € X

I otherwise or (3) 10¢% (t="7)

Case (a): {0,3,5,6,7,8,9,10,11,13} C £,4¢ % (=t >9):

we have s,, =

—

r2d— 10 (0,10)(3,7)(5,5) (¢, 14)
2d — 11 (0,11)(3,8)(5,6) (€,15) Sm=2d—11 <= 14¢ %
(= t=9if12¢ %, t=11if 12€ )
otherwise 14 € ¥ : {0,3,5 —— 11,13} C X, 4 ¢ ¥
2d — 12 (0,12)(3,9)(5,7)(6,6) (€,16) sy =2d — 12 <= t = 12
. either (al) 12¢3¥(<=t=9
otherwise or Ea2§ 12 i 2,( 15€y )
in case (al
2d —13 (0,13)(3,10)(5,8)(6,7) (¢, 17) $m =2d—13 in case EaQ; — t—13
otherwise 16 € 2 {0,3,b—— 16} C X 4¢ X%
2d — 14 (0,14)(3,11)(5,9)(6,8)(7,7) (c,18) spm =2d — 14 <> t = 14
L otherwise 17 € ¥, {0,3,5 +——15,16,17} C X, 4 ¢ ...

Clearly in cases («2), for each ¢t > 13 we get s, =35 +d.



Case (8): {0,3,5,6,7,8,9,11,} C ¥, 4,10¢ ¥ (t =7):
[2d—11 (0,11)(3,8)(5,6) (c,15) s, =2d— 1L

if t=3:
2d—4 if d—4€S,d-7¢S5
2d-5 if ({d—4,d-7}CS, d—8¢S)or (d—4¢25)
Case C. We have: s, = | 2d—7 if {d—4,d—7,d—8}CS
if t>4:
s+d if d—4e€S
2d—5 if d—4¢58.

Proof. S=1{0,e,...,d —3,d—2,%,d,xx*x,c=d+4—},d =d—2.
As above we see that t >3, d—3,d—5¢€ S (ie. {0,2,3,5} CX), e > 7. Consider the table:

F2d—2 (0,2)

2d -3 (0,3) (e, 7)

2d— 4 (0,4)(2,2) 8) Sm= 2d—4 ifdex,T¢Y%
20—5 (0,5)(2,3) (©,9) sm= 2d—5 if i%ing
if {4,7,8} C X% then e > 12 (d—87—|—627c)
24— 6 (0,6)(2,4)(3,3) (c,10)

_2d77 (077)(235)(?”4) (Call)

If t = 3, then 6 ¢ X: we get s, = 2d — 7.

Ift >4 and 4 € 3, we have [d' — ¢,d']NIN C S and 5§ < 2d' —d. Then s,, =5+d>c+d—e by
(3.11).

If 4 ¢ S, by the above table we deduce that s,, =2d —5. ¢

4.4 Semigroups with CM type 7 < 7.

As a consequence of the above results we obtain lower bounds or the exact value of s,, for semigroups
with small Cohen-Maculay type. First, in the next lemma we collect well-known or easy relations
among the CM type 7 of S and the other invariants.

Lemma 4.8 Let 7 be the CM-type of the semigroup S as in (2.1).
(1) #H+L<7<e—1

(2) Assume T = £, then H =0 and the following conditions are equivalent:

(a) t=e—1
(b) T=1¢, ¢ =d.
(¢ d=c—e.

(d) S=1{0,e,2e,.. ke —}.
B) Ifd >c—e, thenTt>{+1andT=4+1= H={d —1}.

ec{204+t—1,20+t}, if 5=d
e =20+t if $<d.

Proof. (1) Clearly every gap h > c¢—e belongs to S(1)\ S, in particular {d+1,...,d+¢}UH C S(1)\S.
The inequality 7 < e — 1. is well-known.

(2) (3) are almost immediate.

(4). We have #H < 1by (1), s—4<s<d <d —-1. If #H = 0, then ¢/ = ¢ —e (4.1) and so
e=20+t(271) U#H=1=35—-(¢ H and d' = ¢ — 2: it follows e < 20+ ¢ by (2.6.4). Now
apply (2.6.3) and (2.8.2): if s < d, then §+1 € S, hence e > 20 + ¢ and so e = 2¢ + ¢. Further
s=d =cd>c—e+l=e>c—Cc+l=d+20—-d' —1=20+t—1.

(4) Assume s < d and T =0+ 1. Then
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Example 4.9 (1) We recall that in general ¢’ = ¢ — e does not imply 7 = £. For instance, let
S ={0,10e=a,16.—., 17,18,19,20,21,22,23, 244,26, —}. Then 7 =5 # £.

(2) Analogously H = {¢’ — 1} does not imply 7 = £+ 1:
S ={0,10¢,16,—,17,18,19,204/, 220/ =4, 26, —} has £ = 3, 7 = 5.

(3) In (4.8.4) the conditions e = 2¢ + ¢t and § < d’ are not equivalent, further when s = d’ both the
cases with 7=/ + 1, §=d’ are possible. For instance
{0,9—c—¢,10,114,130,144,18, —} has t =0 =3, e=20+1t, 5=d', 7=1L+1;
{0,8.,94,11,,124,16, —} has t =0 =3, e=20+t—1, §=d', 7=L+1.

(4) There exist semigroups with H = {¢ — 1}, §<d’, 7={¢+1 asin (4.8.4):
S={0%...x 11, xx%x 154, % * x 19,20, 21,22, 235 x 25, 264 * * * 30, —},
has £=3,t=5 e=2(+t, T=4.

Now we deduce bounds for s,, when 7 <7.

Proposition 4.10 For each 7 < 7 we have s, > ¢+ d — e. More precisely when s < ¢ +d' — d we
have the following results.

2d —4 if S non—acute, T=t=3 (£ = 2)

(1) 7 <3. We have: s, = s+ d in the other cases

(6, 5.9] [5, 4.13]
(2) 7 =4. We have ¢ <4 and the following subcases.

If { = 4(= 1), then H = () (4.8.1), therefore S is acute with s, =35+d (2.3.4).
If ¢ < 3 we are done by the previous (4.5), (4.7), (2.3.4) and (4.1) (recall { =1 = S is acute).
More precisely we get:
9d — 4 if{ﬂ—Qandeither (t=3,d—6¢S)or (t>5 d—3¢5)
L=t=3,e=9d=d, d=c-2, d-—4€S
[¢=2t=3d-6¢S
2d -6 Zf[ (=3 t=5¢c=11,c=d—1,d =c —2

Sm =

s+d in the other cases.

(3) 7 =5. As above we know s,, in every case:

(a) If ¢ <3 we can deduce s, by (4.5), (4.7),
(b) If 4 < ¢ <5, then we are done by (4.1), since #H < 1.

(4) T = 6. We can calculate s, as follows:

(a) If £<3asin (3.a).

(b) If 5 < ¢ <6, then we are done by (4.1), since #H < 1.

(¢) If ¢=4and H C {¢' —2,¢ — 1}, we have the value of s, by (4.1) and (4.1.2).

(d) If £=4and H={d —k,¢’ — 1}, with k > 1, then d’ = ¢/ — 2, and the bounds for s,, are

given in (3.11) if £k > ¢, and in (4.4) if >k >1 (infact ¢ —d' =2<k+1).
(5) 7 =7. We have £ < 7 and the following subcases.

(a) If £ <3, then s, is known as in (3.a).
(b) If 6 < ¢ <7then #H <1 and we are done by (4.1).
(¢) If £=5, then #H <2 and we are done by (4.1), (4.4).
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=4, then #H < 3 and we are done if #H < 2 by (4.1), (4.4).
=4, #H =3, consider the following subcases
(i) H=[d"+1,¢/ —1]NIN: then s,, is given in (4.1).
) H=A{d -k, =2,/ =1}, k > 2. If k < {, then s,, is given in (4.3.3). If k > ¢, apply
(3.11).
(i5i1) H={d —1,¢ —2,¢ —1}: this case cannot exist. In fact since
S ={e, c,d = 2)x,d' %, %, ...,d,c =} and by the assumption § < d’, we obtain
d—tleSandd —l=c¢—-4=d —1¢ S, impossible.
(iv) H=A{d —j,d —k,d/ =1}, j >k >1, hence
S={e,.,d —2,..,d %, ., d(<+2),...,d+5—} with2=c —d <k+1. As
in the proof of (4.3.2) for s :=d' —k+ ¢ —1 we have y(s) = -1, s+ 1—-¢ ¢ S,
s—deS < s—d#d —j Hence (Table 3.3 (b)) s, >s if s—d#d —j,ie.,
d—-—k+cd—-1—-d#d —jie,d—cd #j—k—1.
ji=k+1 = Sm > s if d#c
i=k+2 = Sm>s if d#cd +1
Four subcases: | j=k+3 = Sm>s if d#cd +2
i>k+4 = Sy > 8
(since d—c¢ <€—-2=2 j—k—-12>3).
In the remaining three situations we can see that [d' — ¢,d']NIN C S, therefore s, is
given by (3.11):
-Ifj=k+1land d=¢,sinces<d, {t=4weget{d —4,d—4=d —2,d} CS.
Since there are two consecutive holes, then k > 5. It follows [d' — £,d']NIN C S.
-Ifj=k+2, and d=c +1,wehaved —4=d -2, d —1=d—-4ands<d —1
(4.3.1) . Therefore S = {e,....d —5,d —4,d —3,x,d —2,d — 1,d',x,d +2 =
d,d+3=d,d+5—}. Wededuce [d —¢,d]NINC S.
- Ifj=k+3,and d=c + 2, analogously we deduce [d' — ¢, d]|NINC S. o

4.5 The value of s,, for semigroups of multipicity e < 8.

Corollary 4.11 For each semigroup S of multiplicity e < 8 we have s, > c+d — e.

Proof. Since 7 < e — 1 the result follows by (4.10). ¢

4.6 Almost arithmetic sequences and Suzuki curves.

Recall that a semigroup S is generated by an almost arithmetic sequence (shortly AAS) if

S =<mg,my,...,Mpy1 ,N >
with mg > 2, mi=mo+pi, Vi=1..,p+1 and GCD(p,mg,n) = 1. (The embedding
dimension of S is embdim S = p + 2).

Proposition 4.12 Let S be an AAS semigroup of embedding dimension p; then 7 <2(u—2).

Proof. It is a consequence of [8, 3.3 - 4.6 - 4.7 - 5.6 - 5.7 - 5.8 - 5.9] after suitable calculations.
Corollary 4.13 If S is an AAS semigroup with embdim S <5 then s, > c+d —e.

Proof. It is an immediate consequence of (4.10) and (4.12). ¢

As another corollary we obtain the value of s, for the Weierstrass semigroup of a Suzuki curve, that
is a plane curve C defined by the equation

yb—y:x“(xb—x), with a=2", b=2?"*! n>0.

Some applications of these curves to AG codes can be found for example in [4].
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Proposition 4.14 If S is the Weierstrass semigroup of a Suzuki Curve, then S is symmetric, there-

fore s, =5+ d.

Proof. In [4, Lemma 3.1] is proved that the Weierstrass semigroup S at a rational place of the function
field of C' is generated as follows:

S=<b,b+a,b+9,1+b+g>
a a

We have b = 2a?, with a = 2", hence S =< 2a?, 2a% + a, 2a® + 2a, 2a? + 2a + 1 > Then consider

the semigroup

S =< 2d?%, 2a%> +a, 2a®> +2a, 2a* +2a+1>, a€cN.

If a =1, then § =< 2,3 >.
If @ > 1, then S is generated by an almost arithmetic sequence, and embdim(S) = 4; in fact

S =< mg,mi,ma,n >, with mg = 2a%, m; =mo+a, mg=mi +a, n=mo+ 1.

Since S is AAS, we shall compute the Apery set A by means of the algorithm described in [8]:
let p = embdim(S) — 2 = 2 and for each ¢t € IN,
let ¢, r; be the (uniqe) integers such that t = pg + r¢(= 2q; +1¢), @ € Z, ¢ € {1,2},

let g; = ggma +m,,, ie., g =

(gt +1)mg  ifr,=2
gmo +my if re=1

(in particular go = 0).

Then by [8] the Apery set Aof Sis: { gt +hn | 0<t<2a—1, 0<h<a—1}: therefore the
elements of the Apery set are the 2a? entries of the following matrix

0

n
2n

g1
I
mi

g1 +n
g1+ 2n

g2 gs
| |
ma my + ma
g2+ n
g2 +2n

(a;l)n gl+((i71)n gg+(C.L*1)TL

Recall that a semigroup S of multiplicity e and Apery set A is
symmetric <= for each s; € A, 0 < s; # s. := max A, there exists s; € A such that s; +s; = se.

In our case c this condition is satisfied: in fact s; =

ams + h n,
ams+mi+hn

further s, = (a — 1)(m2 + n) + mq, and so

Se — S

P =

(a—1l—a)may+mi+(a—1—h)neAd
(a—1—a)ma+(a—1—-h)necA

92a—-1

(a—1)mg +my

g2a—1+ (@ —1)n

h<a-1, a>1
0<a, h<a-1

(1) or
(2)

(1) or
(2)

Since a semigroup S is symmetric if and only if its CM-type is one, then s,, =35+ d by (4.10.1).
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