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Abstract

In this paper we treat several topics regarding numerical Weierstrass semigroups and the
theory of Algebraic Geometric Codes associated to a pair (X, P), where X is a projective
curve defined over the algebraic closure of the finite field IF, and P is a F;-rational point of
X. First we show how to evaluate the Feng-Rao Order Bound, which is a good estimation
for the minimum distance of such codes. This bound is related to the classical Weierstrass
semigroup of the curve X at P. Further we focus our attention on the question to recognize
the Weierstrass semigroups over fields of characteristic 0. After surveying the main tools
(deformations and smoothability of monomial curves) we prove that the semigroups of
embedding dimension four generated by an arithmetic sequence are Weierstrass.
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0 Introduction.

The paper is divided into two parts. In the first one we describe some bounds of the minimum
distance of AG codes, while in the second one we deal with the problem to characterize the
Weierstrass semigroups.

In the first part I will denote the algebraic closure of the finite field with ¢ elements F,; X

will be a smooth projective algebraic curve of genus g defined over [F,.
To a pair (X, P), where P € X is a F -rational point can be associated a family of Algebraic
Geometric Codes C;, © € IN and a numerical semigroup S. For i large enough, the minimum
distance d(C;) of such codes can be bounded by the Feng-Rao order bound d,,.q(C;) which
depends only on the semigroup S (see [10]). When S is non-ordinary, it is called the Weierstrass
semigroup of X at P. Evaluations or estimates of the order bound are given by several authors,
either in general or in particular cases (see, e.g., [1], [22]). In the first part of this paper we
give a survey of these results and we state a conjecture (2.3) on the behaviour of the sequence
{dora(Ci) },cNs for i > ¢ +d — e — g, where ¢,d, e are suitable integers associated to the
semigroup S (in [22] this conjecture is proved in many cases).

According to the recalled relation with code theory, the classical study of Weierstrass semi-
groups is becoming relevant. In particular an interesting and still open hard question is how to
recognize Weierstrass semigroups, i.e. those semigroup associated to a smooth projective curve
at a point P. This problem is approached in the second part under the simplifying assumption
that X is a smooth projective algebraic curve of genus g defined over an algebraically closed
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field F with char(F) = 0. It is known that there exist non-Weierstrass semigroups: the first
example is due to Buchweitz, see [2]. A fundamental result on this topic has been proved by
Pinkham in his Phd thesis [25]:
“S'is Weierstrass if and only if the monomial curve X = Spec(F|[S]) is smoothable”.

In some case it is known that a monomial curve is smoothable: see [27] for the complete inter-
section case, see [29] for X C A3, see [16] for X C A* and Gorenstein, see [18] for semigroups
of genus g < 8§, see [17], [19] for certain semigroups of embedding dimension 5 or with g = 9.

In this paper we collect the main definitions and results on this question, further we illustrate
the explicit algorithm to obtain a deformation of a monomial X with its G,,, action and show
several examples in a detailed way. Finally we show that monomial curves in A*, generated
by an arithmetic sequence are smoothable. It follows that every semigroup S of embedding
dimension 4 generated by an arithmetic sequence is Weierstrass.

1 Weierstrass points and Weierstrass semigroups

Let I denote an algebraically closed field. Let X be a smooth projective algebraic curve of
genus g defined over F with function field F(.X), and let P € X. For each k € IN, let

L(kP)={f € F(X)\ 0| div(f) + kP >0} U {0}.

This is clearly a vector subspace of F(X); we denote by A(kP) its dimension over F. The
following are well-known facts:

AkP) =dimp(L(kP)) € N, A(k—1)P) < AkP) < A({(k—1)P)+ 1foreach k > 1,
and by Riemann-Roch Theorem A\(nP) =n — g + 1 foreachn > 2g — 1.

Hence the set H(P) := {k € IN.| A((k — 1)P) = A(kP)}, of gaps at P, is a proper subset
of {1,2,...,2g — 1} and it has exactly g elements. Moreover it is easy to see that its comple-
ment S(P) := IN \ H(P), the set of non-gaps at P, is a numerical semigroup.

Recall that a semigroup S is called ordinary if it is of the form S = {0,e,e + 1 —} for
some e > 0 (note that its genus, also called d, is exactly e — 1).

Definition 1.1 A Weierstrass point of X is a point P such that H(P) # {1,...,g}. A semi-
group S is called Weierstrass (over [F) if there exists a smooth projective algebraic curve X
(defined over F) and a Weierstrass point P such that S = S(P).

See for more details, e.g., [12, Exercise A.4.14] or [6].

Remark 1.2 Let P € X, then by Riemann-Roch Theorem
1. n € S(P) < thereexists f € F(X) such that (f)., = nP,i.e. ordp(f) = —n.

2. n € H(P) <= there exists a regular differential form w with ordp(w) = n—1 (because
by Riemann-Roch theorem: A\(K' —(n—1)P) > 0, for each gapn € H, where K denotes
a canonical divisor).

3. Pis a Weierstrass point <= A\(¢gP) > 2 <= there exists a regular differential form w
with ordp(w) > g. In particular, it follows immediately that if X has a Weierstrass point
then g > 2.



4.

1.1

By the previous point, the presence of a Weierstrass point on an algebraic curve of genus
g ensures the existence of a morphism of degree not exceeding g from the curve onto the
projective line: pick the morphism associated to the linear system |iP| with any ¢ such
that \(iP) = 2and i < g.

On the number of Weierstrass points on a curve.

For a smooth curve X let W denote the set of Weierstrass points of X. We know that

1.

2.

If g < 1 the set IV is empty.

Case X hyperelliptic. A hyperelliptic curve is an algebraic curve which admits a double
cover over IP'. These curves are among the simplest algebraic curves: they are all bi-
rationally equivalent to curves given by an equation of the form y* = f(x) in the affine
plane, where f(x) is a polynomial of degree > 4 with distinct roots, and the degree of
f(z) is either twice the genus of the curve plus 2, or twice the genus of the curve plus
one.

If a double cover exists, then it is the unique double cover and it is called the “hyperelliptic
double cover”. In algebraic geometry the Riemann-Hurwitz formula, states that if X, X’
are smooth algebraic curves, and ® : X — X' is a finite map of degree d then the
number of branch points of ®, denoted by /N, is given by

29(X)—2=2d(g(X)—1)+ N

By the Riemann-Hurwitz formula the hyperelliptic double cover has X’ = IP', hence
has exactly 2g + 2 branch points. For each branch point P we have A\(2P) = 2, hence
these points are all Weierstrass points; for each of them there exists a function f with a
double pole at P only. Its powers have poles of order 4, 6, and so on. Therefore at P the
gap sequence is  1,3,5,...,29g — 1 and A(kP) = 2k, we conclude that the Weierstrass
points of X are exactly the 2¢ + 2 branch points of the hyperelliptic double cover.

. For algebraic curves of genus g there always exist at least 2g + 2 Weierstrass points

and only the hyperelliptic curves of genus g have exactly 2g 4+ 2 Weierstrass points.
The upper bound on the number of Weierstrass points is g° — g¢.

[14] For each g > 3 there exist compact Riemann surfaces of genus g with at least two
Weierstrass point with different gap sequences.

2 Algebraic-geometric codes

Let now [F denote an algebraic closure of the finite field with p elements F,,, p prime. Let X be
a smooth projective algebraic curve of genus g defined over I, ¢ = p" for some r € IN_, with
function field F(X). Let P € X be an F -rational point: a family of codes and a numerical
semigroup can be associated to (X, P) as follows. For each k£ € IN, we consider the vector
subspace of I, (X') defined as

Ly, (kP)={f € F,(X)\ 0| div(f) + kP > 0} U {0},
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it can be shown that \(kP) = dimp(L(kP)) = dimg, (L, (kP)) ([12, Proposition A.2.2.10.]).

We now recall the definitions of the AG codes associated to the pair (X, P). Choose
Py, ..., P, distinct [F -rational points on X such that P; # P for each j, and consider the [F -
linear map

p: Lo, (kP) — F," as Ou(f) = (f(PY), - F(P)).
Definition 2.1 The family of one-point AG codes of order n is defined as

Cr = (Im @)™ = {x € F," |< z,®(f) >=0forall f € Ly, (kP)},
where < x,y >:= 111 + - -+ + Ty, for each x,y € F".

A good estimate of the minimum distance d(C};) of an AG code is the Feng-Rao order bound
dorp(Cy) which depends only on the semigroup S = S(P). Let us fix the following notation

S = {50 = O, 81, .45 55, } 7é N

with s; < S ifi < j

N(s;) = {(sp,s1) € S%|s; =5, +s5
Definition 2.2 For s; € S, let (55) = Asmsi) € 575y = sn ¥ s}
v(s;) = #N(s;)
The Feng-Rao order bound of the code Cy, is dorp(Cy) = min{v(s;)|j >k} < d(Cy).

If S is ordinary, thatis S = {sg = 0,51 = g+ 1,5 = g +2 —}, the sequence {v(s;), j € IN}
is non-decreasing and so

dorp(Cx) = v(sks+1) for k> 0.
In the other cases, it is known that there exists m & IN such that

V(Sm) > V(Sma1) and v(Smai) < v(Smaiv1) Vi > 1.

Then: dorp(Cy) = v(sg41) for each code Cy, with k& > m.

2.1 Methods for the evaluation of s,,,.

Our goal is to find s, for a given semigroup S; to this end it is useful to consider the elements
of S “near” the conductor.

Notation 2.3 We shall refer to a numerical semigroup S, with finite complement in IN
S = {0 = S50, 51, -+, Sy, } 7é IN
where s; < sy, if 1 < k. Further we denote:

embdim(S) = minimal number of generators of S

e=s1 =min{s € S| s # 0}, the multiplicity

c=min{r € S |r+IN C S}, the conductor

d =max{s; € S| s; < c}, the dominant

d=max{s; € S|s; <d and s; —1¢ S}, the subconductor
d' = the greatest element in S preceding ¢, when ¢ >0
{=c—1—d, the number of gaps of S greater than d
s=max{s€ S, |s<d, s—(¢S}.
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This means that S has the following shape (thinking of it as embedded in IN, where x means a
((gap » Of S)

e—1 gaps c'—d'—1 gaps !/ gaps
S={0, *x---x e,...,d, K oe ek d ——d, x---x c—}

A semigroup S is called acute if either S is ordinary, or c¢,d,c,d" satisfy c—d <d —d
(see [1]). If S is non-ordinary, it can be seen that:
Sacute — ¢ <s<d.

Example 2.4 S = {0,8,, 12y, 14,,15,164,20, —} has({ =3, 5 =14, ¢ —~d' =2 < c—d =
4, S non-acute).

From now on, S will be non-ordinary. In order to evaluate s,, we study the difference
v(sit1) — v(s;) for s; € S. To this end, it is “natural” to consider the following partition of
N(s;) ={(sj,s) € S?|s; =s; + sp}:

N(s;) = A(s;) U B(s;) UC(s;) U D(s)

A(s:) {(z,9), (y,2) € N(si) [ < ¢, ¢ <y < d}
B(si) {(z,y) € N(sy) [(w,y) € [¢,d]* }

C (s:) {(z,y) e N(si) | w <d', y < d'}

D(s;) {(z,y), (y,2) € N(si) | © = ¢, x>y}

Example 2.5 S = {0,8., 124, 14, 15, 164, 20, —}. Fori = 16, s; = 30 :

A(s;) = C(s;) = 0, B(s;) = {(14,16), (15, 15), (16, 14)},

D(s;) = {(0,30), (8,22), (30,0), (22,8)}.

Forsg =20: A(sg) = B(sg) =0, C(s¢) = {(8,12),(12,8)} , D(sg) = {(0,20), (20,0)}.

Setting 2.6

a(s;) = #A(si+1) — #A(s:)

B(si) = #DB(si1) — #B(s:)

v(si) = #C(sip1) — #C(si)
(Si+1)

Therefore:  v(s;11) — v(si) = a(s;) + 6(s:) +7(s:) + 0(s4).
Lemma 2.7 (see [22])
1. a(s;) € {—2,0,2} and af(s;)) =0, if s; >d +d.
2. B(s;) € {-1,0,1} and [(s;) =0, if s; > 2d.
3. 7(s;) is difficult to evaluate if s; < 2d', trivial otherwise:
in fact y(2d') = —1 and ~(s;) =0, if s; > 2d.
4. If s; > 2c¢, then 0(s;) = 1

If s; <2cand s;41 € S, then 6(s;) € {0,2} and §(s;) =0<= s;41 —c & S.
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5. sm < 2d. (In fact by (1)-(4),if s; > 2d+1thena = =~y = 0and so v(s;41) —v(s;) =

By (2.7.5), from now one has to consider only elements s; < 2d, in order to find the greatest
s; € Ssuch that v(s;41) < v(s;). Assume s; +1 € S.

Remark 2.8 /. Ifs;=5+d, thens;,1 —c=35—1{ &S (bydefinition), and so s; =5+ d
is the greatest element satisfying §(s;) = 0.
(For this reason s+ d is a “good candidate” for s,,).

2. If s; > 2d' we know that ~(s;) < 0 and easily one can see when v(s;+1) < v(s;).
3. If s; < 2d' we can write v(s;41) — v(s;) in function of y(s;): it depends also on the facts:

Siz1—c€S or ¢85,
si—d €S or ¢S,
siy1—c €S or ¢S

In [22] the results on the position of s,, are explained by means of several tables. For example

we show for s; < 2d' how the difference 7(s;) := v(s;11) — v(s;) depends on the value of
v :="(s;). Inthe following table x means € S and O means ¢ S. Assume s; < 2d'—1
Then: Sit1 —cC ‘ s; —d ‘ Siz1 —¢ ‘ e ‘ 16 ‘ ) H n(s;)

o X O |—=2l0l0] v-2

O X X 0100 0%

o o o ol olol ~

X X O -2 0] 2 0

e e x 2/ 00 v+2

X O O 0 O 2 v+2

X X X 0 0 2 v+2

X O X 21 0 2| v+4

Recall: v(s;) concerns pairs (z,y) € IN(s;) N [0, d']*.

2.2 Evaluation or bounds for s,,.
Theorem 2.9 (See [22]) With setting (2.3) we have:
1. If s<2d —d, then s,, <2d.
If, moreover, [s+2,d|NIN C S, then s, =5 +d.
2. If §s>2d —d, then s, <35+d.
More precisely:

(a) If s>d +cd —d, then s, =5+d.
(b) If s=2d —d, then s, =s+d.

(c) If 2d —d<3s<d+cd —d wecan give upper and lower bounds for s,, under
additional assumptions. In particular:

if [d—4dNINCS, then c+d—e<s+d —(+1<s, <2d.
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Case (a) is satisfied e.g. if d —2 < s < d;orif ¢ <5 <d,inparticular if S is acute.

Example 2.10 1. S = {0,25,, 26,28, 30,314,334,39. —}

2.

3.

4.

2.3

(5=28,5<2d —d, [+2,d]NINC S, s, =35+ d).

S = {0, 7e_w, 13w, 14, 15,16, 174, 20, —}
(Sisacute, { =2,5=14, ¢ <s<d, s>d + —d).

S = {0,20,,21,26,274, 324,39, —}
(s=21<2d —d, s,, =2d' =54 >5+4d).

S = {0, 10., 20, 22, 234, 264, 30, —}
(2d —d<s=22<d+d —d, s,=46<5+d).

Conjecture and particular cases.

We believe the following fact is true for each semigroup.

Conjecture: Sm > c+d—e (%)

We proved in [22] that () holds in several cases, in particular

1.

N

S

If either (s, >5+d) or (s, >2d and 5 < d').

If2d —d<s<d+cd—dand [d—¢,d]NINCS (2.9.2¢).
When ( =2, or { = 3 (here we calculate s, exactly).
If <7

(where 7 :=#{r € IN\ S |z + (S\ {0}) C S} is the Cohen-Macaulay type of S).
Ife <8 (by (4), since T <e—1).

If S is generated by a generalized arithmetic sequence (i.e. S =< mg,my,...,m, >
where m; = amg + id, for some a > 1,d > 1), then s,, = s + d and so (x) holds.

If S is generated by an almost arithmetic sequence (i.e. S =< mqg, my,..., My, N >,
where mg, my, ..., my is an arithmetic sequence) and embdim(S) < 5,
then s, > c+d—e.

3 Weierstrass Semigroups.

In this section we deal with the following

Question : Which numerical semigroups are Weierstrass?

The problem to find conditions in order that a semigroup is Weierstrass seems to be very hard:

there are only partial answers in several directions. Most of them are in characteristic 0, so
we fix the following

Setting 3.1 From now on we assume that F is algebraically closed with char(F) = 0.

We know that there exist non-Weierstrass semigroups: the first example is due to an idea of
Buchweitz:



Example 3.2 (See [2]) Let S =< 13,14,15,16,17, 18,20, 22,23 >, with g = 16, ¢ = 26,
H =IN\S ={1,...,12,19, 21, 24, 25}.

S cannot be Weierstrass. In fact assume that there exist a curve X and a point P € X such
that S = S(P). Then, by Remark 1.2, X would have regular differentials w; vanishing at P to
orders i = ordp(w;) withi € {0,1,2,...,10,11, 18,20, 23,24}.

Hence, taking suitable (tensor) products of the differential forms above, X would have also at
least 46 linearly independent “quadratic” differentials vanishing to every order

€ {0, ...,35,36,38,40,41,42,43,44, 46,47,48} at P. This implies that A\(2K’) > 46, a contra-
diction since, by Riemann-Roch itis A(2K) = 3g — 3 = 45.

There are generalizations of this idea due to Kim [15] and Komeda [16]:

Proposition 3.3 [16] For a semigroup S of genus g, let IN\S = {hy, ..., h,} and let
Hyo={hiy+-+h, |1<i; <g} m>2
If S is Weierstrass, then # H,, < (2m — 1)(g — 1) for each m > 2 (%)

Proof. If S is the Weierstrass semigroup of a curve X at P, then X has regular differentials
vanishing to order h; — 1, V& = 1,..,¢9. In fact let K be a canonical divisor (in particular

deg(K) = 2g — 2): for each h; € IN\ S, A(h;P) = A((h; — 1) P) therefore by Riemann-Roch
MK — (h; —1)P) > 0.

It follows A(mK) > #H,,, Ym > 2, because Vy; € H,,, L(mK) contains a m-differential
vanishing to order (y; —m) at P. Now it suffices to recall that, again by Riemann-Roch,
A(mK)=02m—-1)(g—1). o

Remark 3.4 The conditions (xx) of (3.3) are satisfied for each m > 2 if 2c < 3g.

Proof. Since IN'\ S C [1,¢ — 1] N IN we get #(H,,) < m(c — 1), then the inequality (*%) in
(3.3) is surely satisfied if m(c — 1) < (2m — 1)(g — 1) for each m > 2. This condition is
equivalentto mc < (2m—1)g—(m —1): form =2, get 2¢ < 3¢9 —1,i.e. ¢ < 3g/2—1/2.
Now assume 2¢ < 3g — 1, and so mec < 3mg/2 —m/2 Vm > 0 : one can easily see that the
inequality 3mg/2 —m/2 < (2m — 1)g — (m — 1) holds Vm > 2, Vg > 0. ©

Remark 3.5 In Buchweitz’s example, m = 2, g = 16, #Hy, = 46 > 39 — 3. Note that for
m = 2, the genus g = 16 is the “minimum” example: in fact Komeda and Tsuyumine found by
a direct computation that

foreach 2 < g < 15 we have #H,; < 3g — 3.

F.Torres found a method to construct symmetric non-Weierstrass semigroups (of large genus):

Example 3.6 (See [33]) Let S’ be a non-Weierstrass semigroup of genus +, and let g € IN,

g > 67 + 4. Then the following symmetric semigroup:
S={2s|seS'YU{2g—-1-2t|teZ\S}

is non-Weierstrass.

This fact is true since we have:

Proposition 3.7 [33, Scholium 3.5] Assume that a semigroup S of genus g > 6y + 4, is -
hyperelliptic, i.e. satisfies



1. the first y elements my, ...,m~ € S, m; > 0, are even;,
2. my =4,
3. 4y+2€S.

mq my

Then: S Weierstrass — S’ := {O, 5Ty

} U, IN 127 + i} is Weierstrass.

Example 3.8 [21] The possible Weierstrass semigroups for a plane smooth projective quintic
(hence of genus 6) are of the following types:

S1 =< 4,5 >
Sy =<4,7,10,13 >
Se = 0,6 —}\ [k} with 6 < k < 11.

Note: S, S and Sy for £ = 6, 11 are semigroups generated by an arithmetic sequence, and S
is generated by an almost arithmetic sequence for £ = 10.

3.1 Deformations and 7% (Ox ).

The next theorem due to Pinkham (thesis) is fundamental to approach our question.

Theorem 3.9 [25] Let S be a numerical semigroup and let X = Spec(F|[S]) be the monomial
curve associated to S. Then:
S is Weierstrass if and only if X is smoothable

We want to recall the main tools of the theory. Recall that the field [ is algebrically closed with
char(F) = 0. We collect here the most important results and definitions on deformations of
algebraic varieties.

Definition 3.10 A deformation w : Y — X of a variety X is a cartesian diagram

X —= Y
|l
{0} — X

where 1 is a flat morphism.
A deformation 7 : Y — ¥ of X is said to be versal if any deformation @' . Y' — ¥ of X is
isomorphic to a deformation obtained from w by a base change h : ¥ — Y:

pri
Y=YxY — Y

W/l lT(
p3 — XY

h

When Y. = Spec kle| /(%) we say that the deformation is infinitesimal.
Finally we say that a deformation is trivial if 'Y ~ X x X.
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Definition 3.11 A variety X is smoothable if there exists a deformation Y of X having smooth
generic fibre.

For a survey on deformations we refer to [31]. We recall the main theorem

Theorem 3.12 [25]

If X is affine variety and has an isolated singularity, then there exists a versal deformation
Y of X. Further, if X has a G,,-action, then there exists a G,,-action on 'Y extending the
action on X.

Corollary 3.13 Let X = Spec(F[S]), S a numerical semigroup. Then X has a versal deforma-
tion' Y compatible to the well-known G,,-action.

Notation 3.14 Let S =< nyg,...,ny > be a semigroup, P = Flxy, ..., x}|, weight(z;) = n;
(0 <i<k), and let
B :=TF[S] = F[t™, t™,....,t™] = P/I,

where I = (fi,..., f,), [fi homogeneous binomials, d; = deg(f;), Vi =1,...,q. Further let:
fi
f=|:|ep
fq
Gy := {iE {O,,k}|nl+€§’:‘5}
Hy:={dy, ke{l,....q} |dp +( & S} (L € Z).
In order to construct deformations for the curve X we need the B-module T}. Let p/F be

the P-module of 1-dif ferential forms, then Homp(Qpm @ B, B) is a free B-module

generated by the partial derivatives < 7, ..., 7 >:

Definition 3.15 Consider the map

¢: Homp(Qpw® B,B) — Homg(I/I?, B)
w9 9(N)=(55) (modl)

We define the B-module T}, as T}, := Coker .

Let f be as in (3.14): we shall identify a map g € Homp(I/I?, B) with the column vector
(hj)j=1,.q = (g(f)) of its image mod I.

Remark-Notation 3.16 Let J, be the jacobian matrix of deg-0-derivatives : Jy = ( ij )

xlal'i
Then
th 0 ... 0
0 t ... 0
Jo = Jo(1) (mod I).
0 0 ... td

where Jo(1) is the evaluation of Jy at the regular point Q(1,...,1) € X : by the jacobian
criterion of regularity we know that  rank(Jo(1)) = k.
Further for { € ZZ, let J, denote the submatrix of Jo(1) obtained by considering the rows

ofi ,
(63{] (1, R 1)) with d; € H,.

10



Proposition 3.17 1. T} = @, T5({) is a Z-graded F-vector space of finite dimension:

g ETH(0) < deg(g(f;)) = deg(f;) + ¢ ¥j (see[25]).

k 0
2. ForgeTh: g= Z;l aitﬁia$ .

3. dimpTE(0) = #Gy — dim Vy; — 1, where V, is the sub-vector-space of F**1 generated by
the row-vectors of the matrix Jj.

Proof. 2. We know that there exists n € IN such that m"T} = 0. Therefore for each g €
Homg(I/I% B) there exists a € IN such that t°g € Im¢. Further in B the Euler’s identity

k of.

holds: E T x18—f] =0, Vj =1,...,qand so g can be rewritten as a linear combination of
1= l‘l

the partial derivatives with respect to (1, ..., k).

3. Recall that Im(p) is generated by the the partial derivatives. For each i ¢ G/, we have:

t'*7i € B and so tttm

€ Im ®. On the contrary, note that for ¢ € (G, the vector
T

E :k L+, 9 2 T
1Oéit Za— EHomB(I/[ ,B)(ﬁ)<:>Jg(0,a17&2,...,&k) :O, Vd] € H,.
Ty

#G—dim V,—1

Therefore the system has oo solutions. ¢

For a semigroup S,let S(1) :={n € Z |n+n; € S Vi > 0}.
Proposition 3.18 Ler L =S(1)U{n € Z|n < —2c+ 2 — 2ny}. Then
1. dim T§(0) =0 foreach( € L.
2. in particular if S is ordinary or hyperelliptic, then dim Tx(() = 0 for each { < —4g — 2.

3. Let fi,..., f be areordering of the set { f1, ..., fq} such that the degrees satisfy
dy < dy <--- < d;. Let Jy(1) be the associated jacobian matrix and let p = minimum
integer such that the first p rows of J}(1) constitue a matrix of rank = k. Then T} (¢) = 0
foreach { < —d,

4. dimTh(c—1—ng—ny) >0 (see [25]).
5. If € > ¢ — 2ny, then dim T}(() = max{0, #G, — 1}

6. If ¢ > c— 1 —ng, then dim T}(¢) = 0.

7. Foreachi1=0,... k we have: tc+"”i£ eIm®, Vn>N0.
Proof. 1. 1f ¢ € S(1), then G, = () and we are done by (3.17.3)
If £ < —2¢+ 2 — 2ng, then #G; = ng and n; +n; + ¢ < 2(ng + ¢ — 1) + £ < 0, hence
Hy,={1,...,q}. Then dim V; = ny — 1 and the claim follows by (3.17.3).
2. Follows by (1): if S is ordinary, or hyperelliptic, then —2¢ — 2ng = —4g — 2.
3. Immediate by the assuptions and by (3.17.3), since we have: dim V, = ny, — 1, because
Hg 2 {1,,])}
4. Let{ =c—1—mng—ny : we have {0,1} C Gy, while H, = () since d; > ng + n; Vi.
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Therefore the claim follows by (3.17.3).
5. Follows by (3.17.3) since in this case H, = ().
6. Follows by (3.17.3) as a particular case.

0
7. Recall that t“*" € B and deg (8 ) =-—n; ©
Z;

For flatness conditions an essential fact is the following:

Proposition 3.19 (See, e.g. [31, Page 8]) Given a cartesian diagram

X < Y
|
{0} — X
let f; and F;, i =1,...,q be respectively the equations of X and 'Y . Then:
the map 7 is flat <= every relation > {r;fi = 0, 1, f; € Flxo, ..., x| can be lifted to a

relation Y { R;F; =0, R;, F; € Flz,..., 2] ® Oxp.

Theorem 3.20 (See, e.g., [31]) The infinitesimal deformations are in one-to-one correspon-
dence with  Homg(I/I?, B) as follows

g:1/I? — B corresponds fi+eq
fi— g;(mod I) to the F =
(] - 17 Sy C]) d@fO?”mation fq + €9q

Proof. (Outline) The trivial deformations (i.e. Y ~ ¥ x X) liein Im ¢ (3.15).

In fact these deformations are such that the ideal generated by the (f;+<cg;) € Fle, zo, . . ., xy]
becomes equal, after a change of variables, to the ideal generated by the (f;). Now note that a
change of variables is {z; — x; + ¢h;}; since e2 = 0 easily one can see that it adds to each

g; an element of the form Zlg a—fjhj. Therefore T can be naturally identified with the set of
x .

infinitesimal deformations modulo the trivial ones. ¢

Several semigroups have been recognized to be Weierstrass by means of the above theory:
we collect in the following theorem the most important statements.

Theorem 3.21 Assume X be an affine curve.

1. If X is a complete intersection then X is smoothable [27).

2. If X C N’ or X is a Gorenstein curve of embedding dimension 4, then X is smoothable
[29], [3].

3. Let e, g denote respectively the multiplicity and the genus of the semigroup S and let
X = Spec(F|[S]). Then:

(a) If e € {3,4,5}, then S is Weierstrass: for e = 3, see also [14], fore =4, e =5,
see ([16], [17]).
(b) If g <8, then S is Weierstrass ([18]).

(c) If 2e >c—1and g =9, then S is Weierstrass ([19]).

4. Let H = IN\ S, define weight(S) := Y7 h; —i: if weight(S) < g/2, then S is
Weierstrass ([7]).

5. If B is negatively graded (i.e. T}(¢) = 0 for each { > 0), then S is Weierstrass ([26)).

12



3.2 Construction of the versal deformation with G,,-action.

With the above notations for the monomial curve X := Spec(F[S]), S a numerical semi-
group, we shall describe Pinkham’s algorithm [25] to construct a deformation Y admitting a
G-action. Starting from the infinitesimal deformation associated to €,_, 7%5(¢), by means of
a finite number of steps one can obtain such deformation (with the greatest parameter space).
Each step consists in the lifting of a deformation on > = Spec F[¢]/(¢)" to a deformation on
Y = Spec Fle]/(e)" .

Further in the last step we recall Pinkham’s construction (when possible) of a projective regular
curve C admitting S as semigroup at the point P, (see [25, 13.3]). This construction is the main
ingredient for the proof of Theorem 3.9.

Step (0) The first step of the algorithm is the explicit computation of a F-basis E for 7.

Step (1) Let r be a (p X ¢) matrix of relations among the generators { f;} of I.
For each ¢g; € E construct a (p X ¢) matrix p; = p;(xo,...,7x), such that R = r + ep; is a
relation matrix among the equations of F' = f + eg;, i.e.,
(r+ep)(f +egj) =rf+e(rgi+pjf) =0 (mode?).
A matrix p; such that p; f = —rg; exists since any g € Homp(I/I?, B) is a derivation (3.15.2),
and so the matrix rg has entries € I, for each g € Homg(I/I? B). In factif >_r;f; = 0,
then 0 = g(3_rifi) = >orig(fi) + 2°g(ri) fi = Yomig(fi) mod I, ie. 3°rig(fi) € I.
Hence any relation among the (f;) lifts to a relation R among the (F}), so that the projection 7
is flat (3.19). Let E =< gy, ..., g > be the F-basis of @,_,T5(¢): assign a parameter U; to
each g; with
weight(U;) := —deg(g;).

We obtain homogeneous equations
F=f+e(qU + ...+ gnUpn) € F[Uy, ..., Un, xo, ..., T]

for a deformation Y; of X with base space Spec F[e]/(e)?.
By linearity the matrix p := U;p; + ... + Uy, pp,,  1s such that r + p is a relation matrix for F'.

Step (2) Now, called g := (¢1U; + ... + gmUn), look for a vector h and for a matrix p’

such that
F=f+eg+e’h and R=r+¢ep+e%p
verify
RF =rf+e(rg+pf)+e*(pg+rh+pf) =0 mod ()’
RF =&*pg+rh+pf)=0 mod (¢)®

Note that pg is quadratic in Uy, ..., U,,, therefore both p’, h will be quadratic in Uy, ..., U,,. To
solve this equation we must impose several conditions to the variables {U1, ..., U, }, but a solu-
tion exists since X has a versal deformation by (3.12).

Step (n) The matrices to find have entries of degree n in Uy, ..., U,,. We already know that
the algorithm ends. Surely it ends when deg(U;,...U;,) > deg(f;) V jand V (iy,...,%). In fact
at this step the needed matrices are null by the theorem of existence of a versal deformation for
X admitting a G,,,-action [25].
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Last Step Let R := F[U;,...,U,]/J, ¥ = Spec(R) be the parameter space of the con-
structed deformation Y of X with G,,-action andlet F = f+U,g; +... + Uy + UZhy1 + . ...
be the defining equations of Y. Substitute Uix‘,:f‘fhtwi) for U; and let A := R[xo, ..., xp41]/(F).
Then the morphism 7 : Proj(A) — ¥ is flat and proper with fibres reduced projective curves
[25, 13.4]. The generic fibre C, has only one regular point P, (¢" : ¢" : - - : ¢" : 0) at infinity.
If one fibre C is regular, then the semigroup associated to the pair (C, P ) is clearly equal to the
semigroup S.

4 Examples

In this section we show the above algorithm in some particular example.

4.1 The case of embedding dimension 3

First we calculate explicitely a deformation with G,,-action for a monomial curve X C A3.
Example 4.1 Let S =< 4,9,11 >, B =TF[S], X := Spec B.

The conductor is ¢ = 15, the Apery setis A = {ng =4,n7 = 9,ny = 11,n3 = 18}.

The equations defining the curve X in F|xq, x1,x5] are

fi=x)—mwa,  fo=wmor] — a5, fs = —ai + g7y
with matrix of relations: r = ( _ig zi io ) = ( ::1 ) and Jacobian matrix
1 40 T 42 2
Srd  —x1ry —X1T
of. Of. of. 0 1442 1442
Jo = ( Zo af , T aij | To 8?) = | =xex? 2wox? —213
0 ! 2 drgry  —31% ximy
20 0 5 —1 -1
o= 0 20 1 2 =2 (mod I).
0 0 ¢ 4 -3 1

Let A; := xi%, 1 = 0,1, 2 (degree 0 derivations).

Step (0) One can easily see that 7' (B) is generated as B-module by

Tl(—18) : t_18(A1 - Ag) = D1
Tl(—16) : tilG(Al + AQ) = Dy
Tl(—ll) : till(Al + AQ) = Ds.
with images the classes mod [ of
0 —2.T0 —21’1
< g1 = 41’0 y J2 = 0 y 93 = 0 >
—4x, —219 -2z}

( Note that as F-vector spaces we have dimp7"(B) = 17, dimpT?(B)~ = 15).
Step (1) Using the above algorithm (restricted to three generators) we get the infinitesimal
deformation
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7 : Spec(Fle]/(¢)? @ Flxo, 1, 0] /1)) — Spec(]F[»s]/(s)2>,
with U; € I, I, generated by the rows of F} = f +¢ecg, with g = U;g; + Usgs + Usgs:

0 To Ty
F1 :f+€ U1 Zo +U2 0 +U3 0 s weight(Ul,Ug,Ug) = (18, 16,11)
—1 To Ty

—Us 0 0 _
U, U U ) such that (r 4+ ep)(f +¢eg9) = 0

(mod (£)%, i.e., (rg + pf = 0) (this assures 7 is flat, with Ry := r + ¢p relation matrix for F}):

o — Us(zd — x122) _
g Ui(—x5 + z112) + Us(xoz? — 23) + Us(—23 + xjxs) P

In fact there exists the matrix p = (

Step(2) Now look for h,p’ suchthat ), = f +eg +c*h and Ry = r + ep + &2/ satisfy
FyRy =0 (mod (¢)?), i.e., pg + rh + p'f = 0. Get

. —UQUg.TO — U32£L'1 .
P9 = —U1U2$0—U1U3$1 +U1U2I0+U2U3I2+U1U3$1 +U§l’é o

0 0
= < R T ) ~U? | =—rh, with h=| U2
1 7% T —U,Us UsUs
Finally one can see that ph = 0, therefore we can choose p’ = 0. Hence the algorithm ends
at the second step and a deformation of f on Spec F[U;, Uy, Us] has homogeneous weighted
equations

UQIO + U3I1 0
F=f+ Urzoxg + U3
—Uyxy + Uy + Uz UsUs

Remark 4.2 Note that in the entries of the matrix h the coefficient of U? is null. This is clear
since deg(U?) = 36 > deg(fi), Vi = 1,2,3, and the equations are homogeneous according
to the existence of a ,,-action. Hence if we restrict to g;, we get the deformation

T:Y = Spec(IF[Ul] ® F[Z’Q, Xy, .CEQ]/J) — AllF
with the ideal .J generated by the rows of

TS — 11T 0 Ty — 11T
F = xoxf — x% + Uy To = xox% — x% + Uyxg
—23 + zh1y —1q —23 + zhwy — Uy

The algorithm ends at step (1) with smooth parameter space A}.. The Jacobian matrix of the
generic fiber of 7 is

5xé —Z9 —I
{E% + U1 2£L‘0£C1 —2£L‘2
dadey =323 -U; )

One can check that the generic fiber is non singular.

The general 3-Space case. By means of a costruction due to Patil-Singh [23] we can com-
pute directly the equations of the monomial curve associated to a semigroup S =< ng, ny, ng >.
In this case we already know that every semigroup singularity is smoothable by Shaps’ paper
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[29]: here the equations of a deformation are obtained as minors of a suitable matrix. Let
S =< ng,n1,ng >, ng < ny < ng, let Ap(.S) be the Apery set respect to ng and let

w:=min{n € IN | un; €< ng,ny >, un; ¢ Ap(9)}
v:=min{n € IN | vny €< ng,ny >}

un, = Ang + wng, A >1
e = pung+z2ny, v>2, v>w, 0<z<u (%)
further: '
A+ p)no = (u— z)ny + (v — w)no.
By [23] we know that the curve is a complete intersection <= zwu = 0.
Then assume zwu # 0: we get the following generators for the ideal I and the relation module
rof X:

Then

U A W
fi =t — zgag _v—w z oA
I = _ u—z_ v—w )\-HL . _ Ty Ty ) _ 1
— f2 — ZEI (L’2 0 9 T = w w u—z — .

T —x T T9
fy = a8 — al'z? 0 2 1

Let e; denote the 7 — th unit row vector. By Shaps’ algorithm we get the following set of
generators of Hom(I /1%, B) as a B-module:

fi1—det(eg,eq, ) = 0 f1 v+ det(eg,ri,e1) = 0
hiy - fo—det(er,ex,10) = 2777 hia : fo = det(eq, 1, €2) = 6\
f3 = det(eq, e3,m2) = ¥ f3 — det(er,11,e3) = f
fi1—det(eg, eq,1m0) = —ai7 f1 > det(eg,r1,e1) = —x(’}
th . fg — det(e €9, T 2) 0 hgg . fQ — det(e Ty, e 2) 0
f3 > det(eg, e3,1m0) = xh f3 > det(eg, r1,e3) =
fi— det(es, eq,m0) = —a¥ Ji > det(es, 1, e1) = —xf
hsi i Q for— det(eg, e9,10) = —xf h3a i for—det(es,m1,69) = —xy @
fs = det(er,e3,m2) = 0 f3 = det(es, 1, e3) = 0

We can construct the infinitesimal deformation (not miniversal, since dim T}j, is greater, in
general, but the other generators as vector space have greater degrees ).

0 0 —x]7? —)
F=f+e|U |2y | +Us| 2y | +Us 0 +U, | 0 |+
Yy @i zh o "
—Ty —]
+Us | —xfy | +Us | a5 = [ +eg.
0 0

With: weight(Uy, ..., Us) = ((v — w)ng, ung, zny, wna, Ang, (u — 2)ny).

. . N : _( Ui -Us —Us
A relation matrix for 'is R = r + ep, with p = ( U, -U, -Us )
In fact

rg = U1 (51> +UQ (?cl) + U3 (f02) +U4 (]92> +U5 (J(C]S) —I—UG (]93) .

Now the equation (1 + €p)(f + €g + €2h) = e(rg + pf) + €*(pg + rh) =0
has the solution
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UsUs — UsUs
h= | UUs—UUs
U,Uy — UyUs

Further the entries of A are the 2 x 2 minors of the matrix p so that ph = 0: hence there are no
obstructions (conditions on {U; } necessary to have flatness).
The lift to a deformation with parameter space Spec(F[U1, ..., Ug]) is

0 0 -z 7 —x)
F=f+U | 2777 | +U, IES + Us 0 + Uy 0 +
¥ @3 xlh xy v
—:L'g} —ZL’T U3U6 - U4U5
+Us | =z | +Us | 257 | + | UUs — UhUsg
0 0 UUy — UyUs

Since X is smoothable [29], we deduce in particular that (0,0,0) is a regular point on the
general fibre: hence

le{u—2zz,0—ww A\ u}.

4.2 The example of Buchweitz.

We show what happens in the following case of a non-smoothable monomial curve.

Example 4.3 This example due to Buchweitz [2] shows the first known case of non-smoothable
monomial curve (see [2]). We calculate explicitly the miniversal deformation. Let

S =< 13,14,15,16,17, 18, 20,22, 23 >

The ring B = F[S] has 32 equations in F[z, ..., xg] (found by means of CoCoA [5]):

—x2 + ToTy  —T5 + T1T3  —T1T9 + ToT3 —12 + x914
—ToT3 + T1Ty —T1T3 + ToTy  —T3 A+ T3Ts  —T3Ty + ToTs
—ToTy + T1T5  —T1T4 + ToTs — —TE + TzTg  —TaTs + Tolg
—T3T5 + T1Tg  —TaTs + ToTe T3ry — a8 —x3T3 + W7

—x2 + x577 —Ty 4 T4y —T5Te + T3T7 —T4Tg + ToT7
—T3T6 + T1T7  —TaTe + Loy THTs — TF  —TT1T5 + U7
—T3Ty + TeTy  —TATo + TzTy —T5Ty + Tyly  —T4T7 + T3Tg
—T3T7 + ToXy —ToX7 + T1T8 —T1T7 + Toxg —x3z6 + T2

The Jacobian matrix whose rankp is 8if P € X, P # (0,...,0) is the following:
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T2 —21’1 Zo 0 0 0 0 0 0

0 T3 —QZEQ I 0 0 0 0 0
T3 —T9 - To 0 0 0 0 0

0 0 T4 —2T3 X 0 0 0 0

0 T4 —XI3 —X2 T 0 0 0 0
T4 —XI3 0 —X Zo 0 0 0 0

0 0 0 Ty —21'4 T3 0 0 0

0 0 Ts —T4 —I3 To 0 0 0

0 Ts —T4 0 —T9 T 0 0 0
Ty —XT4 0 0 —T1 Zo 0 0 0

0 0 0 T 0 —2.735 Z3 0 0

0 0 Tg 0 —Xy —XTy i) 0 0

0 Te 0 —T5 0 —T3 Ty 0 0
Tg 0 —T5 0 0 —T9 To 0 0
22071 x3 0 0 0 0 —2z¢ 0 0
7 —2x013 0 0 — 0 0 X7 T 0
0 0 0 0 0 g —25(]6 Ty 0
—3x3 0 0 0 x7 0 0 T4 0
0 0 0 T 0 —Tg —T5 T3 0

0 0 T 0 —Tg 0 —T4 Ty 0

0 Ty 0 —Tg 0 0 —XI3 T 0
Ty 0 —Tg 0 0 0 —X2 i 0
2!E01’5 0 0 0 0 flf% 0 —21'7 0
—T1T5 —Toxs 0 0 0 —Tox1 0 s T
—2x0%4 0 0 0 —x3 0 T3 0 T
—220T 0 —x3 0 0 Tg 0 0 x5
0 0 0 0 s —X7 0 —T5 Ty

0 0 0 T —X7 0 0 —Xy T3

0 0 s —X7 0 0 0 —xI3 i)

0 s —T7 0 0 0 0 —Ty X
Ty —x7 0 0 0 0 0 —x1 X

| —2I0$6 0 0 0 0 0 —x% 0 2.738 |

Now we summarize the computation of dim 7'5(¢) by means of the formula
dim TE(0) = #Gy — 1 — py.
It is useful to consider the Jacobian matrix evaluated in P(1,...,1) with the rows ordered by
degree: here the first column shows the weighted degrees of the equations.
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The matrix associated to degree 0 derivations mod [ is

0

t28
0

t29

OF,
Z;
o0x;

Now we show that dimg 75 = 21; to find a basis for 75 (¢) we have to solve the homegenous

system associated to the minor of J(1) formed by the rows of weight € H,.

Jo =

0

)L
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Step (0) First for each ¢ € Z we describe the subsets G, Hy.

¢ Gy #G, H p  dimT}
—23  {0,..,7} 8 {28,..,35,42, 44} p=7 0
—22 {0,..,6,8} 8 {28,..,34,41,43,46} p= 0
—21  {0,...,8} 0 {28,.,33,40,42,45,46} p=8 0
—20 {0,...,5,7,8} 8  {28,..,32,39,41,44,45} p=8 0
~19 {0,...,8} 0 {28,..,31,38,40,43,44} p= 0
~18 {0,..,4,6,7,8} 8 {28,..,30,37,39,42,43} p=8 0
17 {0,..,3,5,...8} 8 {28,29,36,38,41,42}  p= 0
~16 {0,1,2,5,6,7,8} 7  {28,35,37,40,41} p=7 0
~15 {0,1,3,...,8} 8  {34,36,39,40} p=7 0
14 {0,2,,...,8} 8 {33,35,38,39}) p= 0
~13  {1,..,8} 8  {32,34,37,38} p=7 0
~12 {0,...,8} 9  {31,33,36,37} p= 1
~11  {0,...,8} o {30,32,35,36} p=7 1
~10 {0,..,7} 8  {29,31,34,35} p=6 1
9 {0,...,6} 7 {28,30,33,34} p= 1
-8 {0,...,6} 7 {29,32,33} p=5 1
—7 {0,...,5} 6 {28,31,32} p=4 1
6 {0,..,5} 6 {30,31} p= 1
—5 {0,...,4} 5 {29,30} p=3 1
—4 {0,1,2,3,8} 5 {28,29} p= 2
-3 {0,1,2,7} 4 {28} p= 2
—2  {0,1,8} 3 0 2
1 {0,6,7} 30 2
1 {5,6) 2 0 1
2 {4} 10 0
3 {3,5} 2 0 1
4 {2,4} 2 0 1
5 {1,3} 2 0 1
6 {0,2} 2 0 1

Step (1) By using “FreeMat” (see [11]) we can construct the miniversal deformation (we
present in detail the case ¢ = —12 with H, = {31, 33, 36, 37}.
Let a be the submatrix of .J(1) formed by the rows with degrees € H,:

deg || zo x1 x2 T3 Ty x5 X5 T7 Xy
13 14 15 16 17 18 20 22 23

31 0 1 -1 -1 1 0 0 0 0
31 1. -1 0 0 -1 1 0 0 O
331 0 0 1 -1 -1 1 0 0 O
a= 33| 1 0 -1 0 0 -1 1 0 0
36( 0 1 0 -1 0 0 -1 1 0
36({ 0 O O 1 0 -2 1 0 0
(1 -1 0 0 0 0 0 -1 1
37f o0 1 -1 0 O O 0 -1 1
3740 O 1 0 -1 0 -1 1 0
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Step (1.1)
Write the matrix b obtained by deleting the deg-column in a, find rank(b) and a total reduction
c of b, that is

o
I
S OO OO OO OO
S OO OO o oo
SO O OO o+ OOo
SO OO oo+, O oo
[l el oNall oo o Na)
OO O, OO o oo
OO OO oo oo
&
O O N = OOy 1 0 ©

0

Step (1.2) Let A; = $ia%iv 1 =0,...,8 (degree 0 derivations). Find the degree-0 derivation
whose coefficients are a solution of the homogeneous system associated to ¢ and by using the
Euler’s identity, we obtain a solution where the coefficient of A is null. Then:

TH(—12) =< t712A(1) >, with A(1) := Ay + 205+ 3A3 +4A4 +5A5 + TAg +9A7 + 10As.

Step (1.3) Lete:=0,1,2,3,4,5,7,9,10]7, to obtain the image g; of A(1) make the product:
J(1)e=0,0,..,0,13,0,0,-13,0,13,13,13,—13,13,13 }T and so A(1) takes f to g; =
[t28 t29 t30 t30 t31 t31 t32 t32 t33 t33 t34 t34 t35 t35 t36 t36 t36 t37 t37 t38 t38 t39 t39 t40
t407 t40, t41, t42, t43, t44, t45, t46] * J(l)e —
[ 0,0,...0,13¢%7,0,0, —13¢%,0, 132, 1330, 13¢3!, —13¢32,13¢33, 13¢3 }T =
32
[0,0,...0, 132021, 0,0, —1322, 0, 132129, 1323, 132,24, — 133125, 132225, 1323 | € (M2> .
(Here * denotes the pairwise vector product). Analogously we have:
TH(—11) =t"" < A(1) >.
f—g2=10,0,..0,13t%,0,0, 13,0, 13¢%, 13¢3, 13¢32, —13¢33,13t34, 13¢% }T =
32
[0,0,..0,1322,0,0, — 13125, 0, 1323, 132124, 132125, — 132975, 1322, 131425 |© € <M2> :
TE(—10) = t70A(2) with A(2) := Ay + 289 + 3A3 + 444 + 5A5 + TAg + 9A;.
With image g3 = t_lo[t28, t29, t30’ t30, t31, t31, t32, t32, t33, t33, t34, t34, t35, t35, t36, t36, t36, t37,
137 438 138 139 439 40 40 440 pdl 442 443 44 445 446 410, 0,0, 0,0, 0,0, 0,0, 0, 0,0,0,0,0, 0,
-10,-10,0,-10, 0, 13,-10, 0,-13,-10, 3, 13, 3,-13,3,-7] = [0, ..., 0,-10t%0 -10t?7,0, . .. ].
32
Therefore f — g3 € (M 2) . In the same way one obtains:
Th(=9) =t < A(3) >, with A(3) = Ay + 20, + 3A3 + 44, + 5A5 + TAg;

=t < Al + ZAQ +3A3, Ag >
=t3< Ay + 2A2, A7 > Té(—2) =t?2< Al, Ag >

)
)
)
):t_5<A1+2A2+3A3+4A4>
)
)
):t_1<A6, A7>
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32
We conclude that each generator of 7% sends f +— g € (M 2) .

Hence all the hypersurfaces defined by the equations F; € Flxg,..., x5, aq,...,Q9], i =
1...,32 of the miniversal deformation are singular at P(0,0,...,0,a,...,as1). In particular
every fibre Xy is singular: this means that X' is non-smoothable.

S Arithmetic sequences of embedding dimension four.

In this section using the above algorithms we prove that semigroups of embedding dimension
four generated by an arithmetic sequence are Weierstrass.

First we recall how to find the generators for the ideal I of the monomial curve associated
to the semigroup. We refer to the paper [24] and we use the same notations.

Notation 5.1 Assume S =< nyg, ..., ny, Npt1 >, with n; = ng + ¢d (minimal system of gener-
ators), and denote by Ap(S) the Apery set respect to ng.
Let a,b € IN such that ng = a(p+ 1) + b, witha > 1, 0 < b <p.
Foreacht € IN, let ¢;, m, with 1 < r;, < psuch thatt = ¢p + r, let g, :== ¢;n, + n,, and let
u:=min{t € IN| g; ¢ Ap(S)}
{ v:=min{n € IN | vn,1 €< ng,...,n, >}
Ju = Ang + wWnppq, A >1
VNpy1 = o+ g, v=>2, v>w, 0<2<u (%)
further :
A+ w)no = Gu—z + (v — W)nNp1.

Then

Itiseasytoseethatu =p+ 1, A=w =1 and

ifb=0, then z=0 .

fo>1l:v=a+1, p=a+d>2, z=p+1-0

and a minimal set of generators for the ideal [ is the union of the following sets:

gij =

gbi = T144Lp — TiTp41 with 0 S 1 S D — 1

Tty — Toiy; A 147 <p, 1<i<]
Ty — TipjpTp If i+j>p, 1<i<j<p-—1

Y = xbﬂx;‘;ﬁ —xgz; with 0<j<p-—1>

— ¥ M
0 =) — ToTpr1-b

Now we deal with the case p = 2 (embdim(.S) = 4): here

{&;} = {&n} = {2? — 2oz}, with deg(&n) = 2ny,

{0i} = {00, 91} = {z102 — wow3, 25 — w123}, deg(po) = n1 + ng, deg(¢1) = 2ny,

{v;} = [ {to, 1} = {ma ™" — g™, woa' —abwy} if b=1, deg(vy) = pno + 1,

{vo} = {wazy™ — 25"} if b=2, deg(vo) = (1 + p)no,
0_ x§ — ahxpi1-p, deg(0) = png+npi1—p if b=1,2
xy — ), deg(0) = png ifb=0
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Hence the equations for the associated monomial curve in A* are :

.f% — T2 2
2 Il — T2
T] — XToTa T1X2 — T3 T1Te — ToTs
2
T1To — Toxk Ty — T173
b=0)[ B2 Le=n [ AT L | i0=2) | 23— nm
xr5 — T1T 1T — T
2 143 143 0 v—1 1+p
3 0 L2L3 Lol 2 = gl
T8 — ThTo 570

Lemma 5.2 Assume S =< ng,ny,ne, ng >, minimally generated by an arithmetic sequence.
With notation fixed in (5.1) we have:

]. Té(—,uno) =< t—H™o (Al + 2A2 =+ 3A3) >,
2. Further in case b = 2, we have
Té(_(v - 1)”3) =< t_(v_l)ns(Al + QAQ + 3A3) >

Té(—nz) =< ™ (2UA1 + (’U + ]_)AQ + 2A3) >

Proof. (1). With notations (3.14) and (5.1),assume ¢ = —pung. Further recall that © > 2.
Hence #G, = 4. Now proceed separately according that b = 0, 1, 2.

(Case b = 0). Easily one can see that ~ Hy = {2ny,n1 + na, 2ns}.
The degree 0 Jacobian matrix in this case is

—roTy 237 —xoTo 0
J(0) = <l’iafj) _ | ~ToTz T1Z2 $1$22 —ZoT3
ox; 0 —T1T3 25  —T1T3
—puxy 0 0 vy
The evaluation of this matrix in P(1,...,1) € X is
-1 2 -1 0

—u 0 0 v

Then dim(V;) = 2 and dim(Th(—pung)) = 4 —2 —1 = 1. A vector (0,a,b,c)” such that
J(1)(0,a,b,c)” has the first three entries null is (0, 1, 2, 3)7. We obtain that a basis of

Th(—pmg) is t7H0 (A 4+ 24, + 3A3).

{2n1,n1 + na} ifv=2
{2n1,n1 + na,2n9} ifv>2 "
2ny — ung = ng + (1 — p)ng ¢ S since 1 > 2 and {n;} is a minimal set of generators,
ny +ny — ung = 3d — (u — 2)ng ¢ S, since ng + 3d = ng,

(Caseb=1). We have H, = In fact

ng, fv=2

2ny — png = 3ng —vng = (3 —v)ng + (6 — 3v)d = <o, ifv>2
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for any other generator f; of the ideal 7, obviously deg(f;) — uny € S.
The deg 0 Jacobian matrix is

—ToTo 212 —woTy 0
—Tox3 1T 12 —Tox3
of; 0 —rz3 273 —T123
J(0) = (xlﬁ_xz) | —Q+ pap™ ppal! 0 (v — 1wy
— UTY T —zhry wort Tt (v — Dagay !
— Ty T 0 — T} T vy
The evaluation of this matrix in P(1,...,1) € X is
—1 2 -1 0
—1 1 1 —1
0 —1 2 —1
J(1) =
(1) —(14+p 1 0 (v—1)
—p -1 1 (v=1)
—u 0 -1 v

In both cases we see that dim(V;) = 2. Then dim(T;(—ung)) = 4 —2—1 = 1 and analogously
to case b = 0, we recover the same basis for T4 (—ung).

(Case b =2) Asabove: H, = {2n;,ny + ng, 2n,} because
2ne — png = nq + 2ng — vng = (3 —v)ng + (5 — 3v)d ¢ S (itis < ng).

The degree 0 Jacobian matrix in this case is

—XoTa 212 —XoT2 0
—Xox3 19 T1T9 — X3
J(0) = 0 —mzy 203 — 113
—(1 + p)zy™ 0 xoxy ' (v—1)zpaly?
— Ty —xh T 0 vy
this matrix evaluated in P(1,...,1) is
—1 2 -1 0
—1 1 1 —1
J(1) = 0o -1 2 -1
—(14wp) 0 1 (v—1)
— -1 0 v

Therefore dim(V;) = 1, a basis for T5(—pung) is t7#" (A + 24, + 3A3).

(3). Let ¢ = —(v — 1)ng. Then:

a, — | 10L2) ifu=2
£7140,1,2,3), ifv>2"

In fact: 2ny — (v —1)ng <2n; —nz3=ng—d ¢ S

H _ {2711}
¢ {2n1,n1 + na,2n} ifv>2 "

ifv=2

ni+nyg—(v—1ng=mng€S,ifv=2,n+ny— (v—1)n3 <0, ifv > 2.
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2ng — (v —1)ng =mny € S,ifv=2,n1 +n3 — (v —1)ng <0, ifv > 2.
for any other generator f; of the ideal / , obviously deg(f;) — puno € S.
In both cases we conclude that dim(7%(¢)) = 1, with basis

t=@=bns (AL 4+ 2A, + 3A,).

Let now { = —ny. Then: G, = {0,1,3}, H, = {vns}.

In fact assume vng —ng € S, i.e., vnz = ang+ [Bny +yng + ong, withy > 1, then § = 0 by the
minimality of v; § > 1 = (since vng = ung+mny) pno+ny = ang+(B—1)n1+(y—1)ne+
ng + n3 = (v — 1)nz €< ng, ny, ny >, contradiction. Then § = 0 and so vnz = ang + yna,
impossible since the residues mod n, cannot be equal. We conclude that dim(7'5(¢) = 1 and a
basis is 17" (20A1 + (v + 1)Ag + 2A3).

In next theorem we prove that any semigroup generated by an arithmetic sequence with
embedding dimension 4 is Weierstrass. Further we find the equations of a 1-parameter flat
family of smooth projective with only one point P, at infinity and the semigroup associated at
P, equal to S. This is done by using Pinkham’s algorithm [25].

Theorem 5.3 With notation 5.2, assume the semigroup S =< ngy,ny,no, ng > minimally gen-
erated by an arithmetic sequence and let X := Spec(F[S]): then X is smoothable and S is
Weierstrass. More precisely there exists one deformation Y of X with smooth generic fibres
(projective curves) and parameter space Af.

0 T2 — x0T
. 0 T1T9 — T3
- _ pno _
1. If b=0, the equations F = f + Ux} 0 | T | 2= ws
1 xy — xfy + Uxh™

define the required deformation ™ : Y — Al

0 R
0 T1T9 — XT3
2. Ifb=1, th tions F = f+ Uz | © 75— D1
. = e equations F' = x = _ 1
’ g 4 Zo xlxg - ZL’O—HL + UIOZL’ZHO
1 Toxy ' — ahr) + Uzyz)™
Ty zf — 2o + Unoxh™
define the required deformation ™ : Y — Af.
1?2 — 20Ty + Uzory?
129 — xoxy + Uzy2)?
2 2 _2no
3. Ifb=2 F=| 23— mx3— Uy _
-1 1+ v—1)n -1
oIy — X “~|—U(5E2:L;EL L e
m v—1)n3
xy — xox1 + Uzswy
n2
ToTy 0
n2
T1Ty 0
=f+U| O + U | 2™
~1 _
xgmff) ns S R e 0
-1
za " 0

define the required deformation w : Y — Al

25



Proof. (Case b = 0). In this case the image of the element found in 5.2 for T (—ung) (eigen-
vector) and the relation matrix among the generators of the ideal are: g, = (0,0,0,1)7,

i) —X1 Zo 0 ) —T Zo 0

—x3 i) —T1 0 —T3 i) —T1 0

r=| xf — % 0 0 T2 — x0Ty = —f1 O 0 fi
0 xh — x} 0 T1To — ToT3 0 —fis 0 fy

0 0 Th—ay 1) — rias 0 0 —fi fs

Hence an infinitesimal deformation of X is given by the equations F' = f + eUg;.
By a direct computation one has

0

0 0 0 0 0 0

0 0 0 0 0 0

rtUgn=U1\| fi |, p=1| -U 0 001, pan=120
£, 0 -U 00 0

£, 0 0 -U 0 0

0

Following the Pinkham’s method [25, (1.16)], we consider the weighted homogeneous projec-
tive space Proj(F[zo,...,x4]), weight(z;) = n;, for 0 < i < 3, weight(z4) = 1) and
substitute the variable U with Uz}, (U parameter); therefore we get the deformation Y with
parameter space S = A! and fibres which are projective curves with only one (regular) point at
infinity P, = (¢"0 : ---: 1" :0), t # 0. The equations are

F = f —+ Ugll'ﬁfno.

To verify that the fibres Yy, U # 0 of the family are non-singular curves it suffices to put
x4 = 1 and study the rank of the jacobian matrix of the affine curve Yy, N (x4 # 0). Now this
matrix is equal to the jacobian matrix J of the curve X. We already know that rankp(J) = 3
if P#(0,...,0).

—T2 2[[’1 —X 0
—T3 L2 L1 —Zo
J =
0 —XI3 25[’2 —X1
1 —
—pxy 0 0 way?

Since by the equations of Yy we get P € Yy = P # (0,...,0), we are done.

(Case b = 1). In this case the image of the element found in 5.2 for T5(—pung) (eigenvector)
and the relation matrix among the generators of the ideal are

To -1 rg 0 0 0

0 —x3 ) —T1 0 0 0

0 ry 0 0 -2 x O

, 0 0 ay! 0 -2 0
=g [T T xh —ay! 0 0 x -—x
T 0 af —xyl —x3 om0

To 0 0 —x§_1 0 To —I

0 0 $g 0 —XT3 T
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By a direct computation one has

rUgi =U pg1 =

coCococococo

S OO O oo o

S ocoococococo
coocoocoococ oo
coococoococ oo
coococoococ oo

ogrcr o oo o
o)
I
|
cooco T8 ococoo

fs

Following the Pinkham’s method as above, we substitute the variable U with Uz}, (U pa-

rameter); therefore we get the deformation Y with parameter space S = A! and fibres which
are projective curves with only one regular point at infinity P,, = ("0 : ---: ¢"3 : 0), t # 0.
The equations are

F=f+Ugxi™.

To verify that the fibres Y, U # 0 are non-singular curves it suffices to put z; = 1 and study
the rank of the jacobian matrix of the affine curve Yy, N (x4 # 0). This matrix is

—T9 2I1 —X 0
—XT3 i) T —X
7 0 —T3 229 —I
—~(1+ b +U oyt 0 (v —1)a28?
—pah —zh+U 2yt (v — Dl ?
—pah g 0 —zf +U vy !

We claim that the rank of J = 3 if U # 0 hence by the jacobian criterion of regularity we
deduce that the fibres ar smooth for U # 0, i.e., the curve X is smoothable and the semigroup
is Weierstrass.

U o0 o0
In Py(0:---:0,1), U # 0 we have the non-null minor det | 0 U 0
0 0 U

If P # P, (P belonging to the fibre Y;; of the canonical projection 7 : Y — A!), according to
the equations of Y;; and since v > 2, we have

21’1 —Xp 0
det To T —Zg =25 el 4+ (v — Dy 2(223 + 2070) =
z5b 0 (v—1Daay?

= 25 2wolwors + 3(v — 1)x129] = (3v — 2)aday 2.

If zpx3 = 0, by the equations we get only F). We are done.

(Case b = 2). In this case one can easily see that the generator found in 5.2 gives a deforma-
tion with all singular fibres. Then we need to find a different suitable deformation Y such that
the rank of the jacobian matrix is ”generically” equal to 3 by the Jacobian criterion of regularity.
We claim that a deformation which verifies this condition is

F=f+Ug +Vg +V?h (%)
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where g1, g, are the images of the basis of T5(—(v — 1)n3) (resp T(—ns)) of (5.2.3) and h is
found by the flatness conditions.  Precisely, the relation matrix r among the generators of
the ideal and the vectors g1, go, h are

T2 —X To 0 0 0 To 0
—xT3 i) —X1 0 0 0 T 0
r= 0 :L‘§_1 0 —x1 xo |, 1= 0 , g = 0 ,h=1 —1
N - e P To ry 0
0 xy 0 —x3 =y T3 0 0
To find h, by a direct computation we get
0 00 0 0O 0
0 00 0 0O 0
rUgpn=| —fo | =—p1f, with pp=]1 0 U 0 0 0 |, pgr=1] 0 [;
—f3 0 0 U 0O 0
0 00 0 0O 0
—f1 \% 0 0 0 O V2£L'0
fQ 0O -V 0 0 0 —V25L’1
rVg, =V 0 = —pof, with py = 0 0 0 0 0 [, pVgp= 0
—fa 0 0 0V 0 Vigyt
—fs 0 0 0 0 V 0
0 0
0 0
Further p,Vgo = —rV?h, with h= | —1 |, finally psh= | 0
0 0
0 0

Following the Pinkham’s method as above, we substitute the variables U, V' respectively with

U :ci”‘”"i Vz}?; therefore we get the deformation Y’ with parameter space S = A? and fibres
with only one (regular) point at infinity. The equations are

2?2 — 2ox9 + Vo>
T1x9 — xoxy + Vryxy?
2 2,.2(n2)
x5 — w13 — Vg
— 1 v—1)n —
Toal ™t — 2t Ugga ™™ vy

0 (v=1)ng
xy — xyry + Uzzzy

Finally we claim that the restriction to the line (U = V') C S gives a 1-parameter deformation
Y with smooth generic fibre. Since the point P, is non-singular, we can put 24 = 1 and study
the rank of jacobian matrix of the affine curve Y N (x4 # 0):

—x9+ U 211 —xg 0
—T3 o+ U 1 —Zp
J(Y) = 0 —x3 2[L’2 —X1
—(4mat 0 @ U (- DA (w+ U)
—pxh ey —al 0 vy P+ U
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As in case b = 1 we can assume P # Py = (0 : --- : 0 : 1), P belonging to the fibre Y;.
Consider the minor

21'1 —X0 0 25C1 —X0 0 2£IZ'1 —Xp 0

det To + U T —X0 = det ) T —X0 + det U T —X =
—XT3 21’2 —I1 —XI3 21‘2 —I1 —x3 2[E2 —T

= —UIL'()Jfl.

If 7y = 0 by the equations we get z; = 0, 75! + U = 0 and 75 = +U, and so by the fourth
equation give Uz} = 0, impossible.

If 21 = 0 by the equations we get 5 = U (since z¢ # 0 by above), x3 = 0.

The fourth equation gives —zh™" + U2 = 0.

Now the jacobian matrix in these points is

0 0 —x 0
0 20 0 —Z
J(Y) = 0 02U 0
gk 0 U (- a2+ )
0 -z 0 U

Recalling the fourth equation we see that the minor

2U 0 —Xy
det| 0 2U0 0 |=200QU?-ai"")=20°
—xy 0 U

Hence rank(J(Y')) = 3 for each P € Yy, V U # 0. We are done.

Remark 5.4 Note that in case b = 2, v > 2 the deformation Y of the curve X with equations

T2 — x0Ty

T1XTg — T3
2

Ty — X113

v—1 1+p
r1xy - — T -+ Vg
"
gy — xgw + Vi

has parameter space AL, but every fibre of this deformation has a singularity at the origin: hence
in general this construction does not give informations on the smoothability of the curve X even
if the algorithm to construct Y starting from the infinitesimal deformation ends at the first step.
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